Multidimensional Total Least Squares Problem with Linear Equality Constraints *
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Abstract. Many recent data analysis models are mathematically characterized by a multidimensional total least
squares problem with linear equality constraint (TLSE). In this paper, an explicit solution is firstly
derived for the multidimensional TLSE problem, as well as the solvability conditions. With applying the
perturbation theory of invariant subspace, the multidimensional TLSE problem is proved equivalent to a
multidimensional unconstrained weighed total least squares problem in the limit sense. The Kronecker-
product-based formulae are also given for the normwise, mixed and componentwise condition numbers of
the multidimensional TLSE solution of minimum Frobenius norm, and their computable upper bounds
are also provided to reduce the storage and computational cost. All these results are appropriate for
the single right-hand-side case and the multidimensional total least squares problem, which are two
especial cases of the multidimensional TLSE problem. In numerical experiments, the multidimensional
TLSE model is successfully applied to the color image deblurring and denoising for the first time, and
the numerical results also indicate the effectiveness of the condition numbers.
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1. Introduction. The multidimensional total least square (TLS) model, which arises in many
data fitting and estimation problems, finds a “best” fit to the overdetermined system Az ~ B,
where A € R”*™ (¢ > n) and B € R7*? are contaminated by some noise. It determines
perturbations E to the coefficient matrix A and F' to the matrix B measured by the Frobenius
norm such that

(1.1) min|[|[E Fl||p, subject to (A+E)X =B+F.

After the minimizer [E F] is found, a solution X to the consistent corrected system (A+E)X =
B + F is called the TLS solution. The TLS model, was originally proposed in 1901 for data
fitting problem [33], but has not caught much attention for a long time. In 1980, Golub and
Van Loan [14] introduced this model into the numerical linear algebra area. Since then, it has
been attracting more and more attention and now the TLS model is applied in a broad class
of scientific disciplines such as system identification [21], image processing [31, 32|, speech and
audio processing [17, 22|, etc. An overview of applications, theory, and computational methods
of the TLS problem, we refer to [14, 18, 29, 41, 48, 51].
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An extension of TLS model is the following multidimensional TLS problem with equality
constraints (TLSE):

(1.2) %11};1 I[E F]|lr, subjectto (A+E)X=B+F, CX=D,

where the matrix C' € RP*" is of full row rank and the right-hand-side matrix D has d columns.
Within our knowledge, this problem has never been studied in the literature. We will present
the solvability conditions and an explicit solution of (1.2), and define several new condition
numbers to make sensitivity analysis.

The TLSE with a single right-hand side was first presented by Dowling, Degroat and
Linebarger [10] in 1992. A well-known application of the single right-hand-side TLSE is the
linear prediction [35] method for solving the frequency estimation of the signal model
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where {yr} and {wy} are the measured samples and additive zero mean white Gaussian noise
samples, respectively, IV is the data length, f; and a; are the frequency and amplitude of the
1th sinusoid. A linear prediction equation Az ~ b as

Yo Y1 ot YL—1 CL, yL
Al Y2 ce yr Cr—1 Yr+1
YN—-L-1 YN-L ' YN-2 C1 YN-1

is solved, where L is the prediction filter order satisfying M < L < N — 2M, and after the
linear prediction vector ¢ is evaluated, the quantity e2™fi can be determined from the zeros

of the characteristic polynomial 2b— 2l — . — 1z — e, = 0. If some frequencies,

say fi,...,fp are already known, then it gives the constraint equation [C' d] [fl] = (0 with

[1 ei2mfi einfi | e2mfil] as the i-th (1 < i < p) row of [C' d].

Conventional algorithm for single right-hand-side TLSE is on the basis of QR and singular
value decomposition (SVD) matrix factorizations [10]. Further investigations on the TLSE
problem were performed in [26, 37]. In [26], the uniqueness condition of the TLSE solution was
analyzed and proved to be an approximation of an unconstrained weighted TLS problem in the
limit sense. This observation stimulated a QR-based inverse iteration method, which is more
efficient than the iterative algorithm in [37].

As a vital definition in numerical analysis, the condition number measures the worst-case
sensitivity of the solution of a problem to small perturbations in the input data. When C, D
are zero matrices and d = 1, the multidimensional TLSE problem becomes the standard TLS
problem with a single right-hand side, whose first order perturbation analysis and condition
numbers have been widely studied in [1, 6, 8, 9, 13, 19, 23, 28, 47, 49]. By making use of the
perturbation results in [1, 19, 23] and the close relation of the TLSE to an unconstrained weighted
TLS problem, Liu and Jia [25] derived closed formulae for condition numbers of the TLSE
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problem. Further investigations on the perturbation results of TLSE problem with different-
magnitude input data were given in [24], where the results unify the ones for the least squares
problem with equality constraint (LSE) studied by [4, 7, 45]. On the other hand, when C, D are
zero matrices and d > 1, the TLSE problem becomes the multidimensional TLS problem. In
1992, Wei [43, 44] provided perturbation analysis for TLS with more than one solution. Recently,
Zheng, Meng and Wei [30, 50] made further investigations on the condition numbers for the TLS
problem with unique and multiple solutions, respectively.

In this paper, we aim to derive an explicit solution for the multidimensional TLSE problem
and present the general formulae of its condition numbers and their computable upper bounds,
which have not been addressed in the literature. With the invariant subspace perturbation
theorem, we prove that the multidimensional TLSE problem is equivalent to a multidimensional
weighted TLS problem, with a large weight assigned on the constraint; and thereby any direct
and iterative algorithms for standard TLS are feasible for TLSE based on the weighting method.
The multidimensional TLSE model is successfully applied to the color image deblurring and
denoising problem for the first time, and the numerical results indicate the effectiveness of our
method.

Throughout this paper, || - ||2 denotes the Euclidean vector or matrix norm, I, O, Opmxn
denote the n x n identity matrix, n X n zero matrix, and m X n zero matrix, respectively. If
subscripts are ignored, the sizes of identity and zero matrices are clear from the context. For a
matrix M € R™" MT, M, R(M), o;(M)(omin(M)) and || M ||max denote the transpose, the
Moore-Penrose inverse, the column range space, the i-th largest (the smallest) singular value
and the maximal absolute value of elements of M, respectively. vec(M) is an operator, which
stacks the columns of M one underneath the other. The Kronecker product of A € R™*" and
B € R¥*" is defined by A ® B = [a;; B] and has the property [16, 20] below:

vec(AXB) = (BT @ A)vec(X), (A® B)(C ® D)= (AC)® (BD),
(AeB)f = AT B, (AeB)l=AT0 B!, A B, =|Al[|Bl
vec(AT) = H(m’n)vec(A), H(s,m) (A ® B) = (B & A)H(t’n),

where X € R™**, C € R™* D € R and () 18 an mn X mn vec-permutation matrix.

2. Preliminaries. In this section we first recall some well known results of the multidimen-
sional TLS problem and then derive the solvability conditions and the explicit form for the
multidimensional TLSE solution. We start with a key lemma which will be used in the proofs
of our main results.

Lemma 2.1 ([50]). Let Q= [ g; g;z ] be an n-by-n orthogonal matriz with a 2-by-2

partitioning, then
(a) Q11 has full column (row) rank if and only if Qa2 has full row (column) rank;

T T
) 1Q% ]2 = [Q%all2. Q11 = Qu ~ Qu2Q}Qa1. QTR = Q120
2.1. The multidimensional TLS problems. Let L € R™*" H € R™*? (m > n + d), the
multidimensional TLS problem is defined by

(2.1) min[|[E Fl|p,  subject to  (L+E)X =H+F.
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Following [14], the multidimensional TLS problem (2.1) may have no solutions. In order to
broad its scope of applications, the generic and nongeneric conditions for TLS solutions were
further studied by Van Huffel and Vandewalle [40, 42], and then refined and generalized by Wei
[44] to make the multidimensional TLS problem (2.1) meaningful in any situation.

SVD is a useful tool to characterize the TLS solution. If the skinny SVD [15, Chapter 2.4]
of [L H] is given by

(2.2) [L H=UxVT, % =diag(oy,00, - ,0n.q) € ROTDXMFD),

where o; = o;([L. H]) and 01 > 09 > --- > 0pyq > 0, U € R+ and vV ¢ ROFd)x(n+d)
have orthonormal columns. For an integer ¢ € [0, n|, partition

n Vll(t) Vlg(t)
d [ Vai(t)  Va(?)
t n+d—t

V =

For simplicity, we denote V;; = V;(t) for 4,5 = 1,2. If oy > i1 and rank(VQQ) = d hold
simultaneously [44], then a solution to the consistent linear system LX = H is defined as a TLS
solution to the linear approximation equation LX ~ H, where L = U, ¥, V4L and H="1, ¥V
with Uy, Vi being, respectively, the first ¢ columns of U = [U; Us| and V = [V V5], the
diagonal matrices ¥ = diag(o1,02, -+ ,0¢) and Yo = diag(o¢y1,0042, + ,0n+q). Among all
TLS solutions, the solution of minimum Frobenius norm to the compatible system is given by
X = —V12V2T2. By Lemma 2.1(b), it can also be expressed as

(2.3) Xi = —ViaViy = Vi V.

Specially, when Yo = o411, q_¢, X; satisfies [L H|T[L H] [_X;J = afﬂ [_de}, and hence X;
lH — LX||%
d+[1X][%
Zheng, Meng and Wei [50] defined the mapping ¢: R™"+d) — R by ¢(c) = vec(X;) for
¢ =vec([L H]) and provided the first order perturbation analysis of ¢(c) as

minimizes the problem min
X

vec(AXy) = ¢'(c)vec([AL AH]) + O(|AL|E + | AH|F)

(2:4) = (Hy + H)DZvec([AL  AH)) + O(|AL|% + | AH|3),

where

Hy = ((VoaVh) Va1 @ (ViaFy,) ), Ha = (VI @ VI ) lupams,

_y2 T -1 T _ Vit @ Uy
D=22®Iyqrt— L ®(Z559) L @ X1 1@ Inpat), Z= I,

tntd—t) (Vs @ U

H(y4d—¢,4) 1 @ vec-permutation matrix, and Fy,, = I — VJQVQQ. From this result, the absolute
normwise condition number was derived for the TLS problem in [50].
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2.2. Solvability conditions and explicit solution of multi-dimensional TLSE problem. For
the multidimensional TLSE problem (1.2), denote A = [A B],C = [C' D], and assume that the
QR factorization of CT takes the form:

25) =] a-@

in which Q1 € R(tdxp_ (), € R(v+d)x(n+d=p) et the skinny SVD of AQ> be

Y 0

(2.6) AQy, =USVT = [U, Uy S
2

[‘71 %]Tv

where U € Rex(ntd=p) 7 ¢ R(n+d=p)x(n+d=p) a1 the matrices U;, V; are the submatrices of U
and V' by taking their first k& columns, respectively. Here 0 < k < n — p is an integer such that
the singular values of AQ9 satisfy

(2.7) C(kj) : 51 > 52 > ... > 5k > 5k+1 > ... 2 an—i—d—p-

Denote the diagonal matrices ¥ = diag(c1, o9,...,0%), Yy = diag(Tk+1, k42, - > Ontd—p)- In
the following theorem, we give the solvability conditions and explicit form of the solution to the
multidimensional TLSE problem. L

Theorem 2.2. With the notations in (2.5)—(2.7), lett = p+k and V = Q2V have the partition

o - Vi 7
V=@V= [ Ta= [vi vzﬂ‘

kK n4+d—t k n+d—t

(2.8)

If for k = n — p, the condition C(k) holds and Va3 is nonsingular, then the unique solution of

the multidimensional TLSE problem (1.2) is determined by X,, = —V12V;21, which is also the
solution to the consistent linear system

(2.9) AX =B, subject to CX =D,
where
(2.10) A=U5\Vl,, B=0U,5V.

Proof. Let X = [XT —Id]T. Notice that the constraint CX = D requires CX =

therefore the column range R(X ) of X lies in Ehe null space of C spanned by @2. Denoting
X = Q27 and writing A = AQlQT + AQQQ =[F F], (1.2) becomes

(2.11) min |[EQ1 EQa]|lr, st. (AQ:+ EQ2)Z =

where the restriction only imposed on EQQ means that we can choose optimal E, such that
E, Q1 =0 and AQQ + F, Qg has a null space with dimension no less than d.
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Note that the condition E*él — 0 means there exists a matrix Y such that F, = Y@QT, and
(2.11) becomes
_min IYlF, st. (AQ2+Y)Z =0.
rank(AQ2+Y)<n—p

According to (2.6) and the well-known Eckart-Young theorem [15, Theorem 2.4.8] for the best
rank-(n — p) matrix approx1mat10n the optimal Y, satisfies Y, = —UQZQVZ , and for the optimal
error matrix E, = Y Qg, the corrected system becomes

(Z@Q — ﬁQiQVQT)Z = 0, or UlEl(Q2V1) =0.

Recalling that R(X) C R(Q2), R(X) lies in the range of Va = Q4Vh, i.e., there exists a d x d
matrix G such that

@12 =[]

from which we obtain G = —72_21 and the unique solution is given by X, = —71272_21. |
Remark 2.3. If for k = n — p, Voo is singular, then X, is not well defined. In this circum-
stance, we can always seek an integer 0 < k < n — p such that

(2.13) C(k) holds and V2 has full row-rank,

Qu | V.
Q21 | Vo
is an orthogonal matrix, where QVH has full column-rank, since by (2.5), CT = éllél is a full
column-rank matrix. In view of Lemma 2.1(a), V2. has full row-rank and a TLSE solution for
the linear system (2.9)-(2.10) can be defined to make the TLSE problem meaningful in any
situation. Likewise, (2.12) still holds where G € R 4=0xd gatisfies VoG = —1I4. It follows

that G = —VEQ + PK for an arbitrary (n +d —t) x d matrix K and P = I,1 44 — V;QVQQ.
Therefore any TLSE solution X has the form

say for k = 0, notice that the matrix

n

R "

X = —VuV;Z + Vlng,

in which
— 71. T__ 7TT7T _ 7TT —T —
(ViaVhs) ViaP = Vip VigVisP = Vi (I = Vu Vo) P = 0,
and X; = —712722 is the minimum Frobenius norm solution among all TLSE solutions.

The explicit form of the solution X; includes the one for the special case d = 1, where
the TLSE problem is described by Az ~ b subject to Cx = d. By setting zc = C'd and
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rc = Az —b, in [26] Liu et al. proved that if the orthonormal basis of null space of C is chosen
as

B 1
214 G- | B U] p= el

in which )2 is the orthonormal basis of the null space of C, then under the condition

(2.15) on—p(AQ2) > on—p11([AQ2 Blrel]) = Un—p-i-l(géﬁ = On—p+l,

the TLSE solution x,, is unique and takes another closed-form

(2.16) zn =20 —KATre,  for K=QaQFATAQs —52_, 1 1n) QY.

3. Close relation of TLSE to an unconstrained weighted TLS problem. In this section,
we aim to interpret the solution of the multidimensional TLSE problem as an approximation of
the solution to a multidimensional weighted TLS (WTLS) problem, by assigning a large weight
on the constraint.

Firstly, we need to generalize Stewart’s result [38] about the asymptotic behavior for the
scaled SVD of X, = [X; Xy, based on the following perturbation theorem for invariant
subspaces.

Lemma 3.1 (Chapter V, Theorem 2.7 in [39]). Let [Z1 Ya] € R™ ™ be an orthogonal matriz
and R(Z1) is a k-dimensional simple invariant subspace of n X n matriz C' such that

2 wcln vi=| 1]

where Ly and Lo have no common eigenvalues, and Y58 CZy = 0. (Here R(Z1), R(Y2) are called
the simple right and left invariant subspace of C, respectively). Given a perturbation E, let

1z VTElZ Y = [ Ey1 Eio ] .

E31  Ea

Then for sufficiently small perturbation ||E||2, there exists a unique matrix P such that the
columns of

(3.1) Z1=(Z+Yo2P)(I + PTP)"2,  Yo=(Ys— Z,PT)(I + PPT) 2

form orthonormal bases for simple right and left invariant subspaces of C =C+E. The
representations ofC’ with respect to Zl, Y2 are given by C'Zl ZlLl, CYQ Y2L2 for

Ly = (I+PTP)2[Ly + Eyy + (H + E1p)P)(I + PTP)~
~ 1
Ly = (I+PPT) 2[Ly+ Eg — P(H + E12)](I + PPT)

M\H w\»—t

(3.2)

With Lemma 3.1, the asymptotic results for the scaled SVD of X, are given as follows.
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Lemma 3.2. Let € > 0 be a small parameter, X = [X1 Xo] € R™¥™ with X; € R™** being
of full column-rank. Denote X, = [X1 €X3], Xo = Xo — X1 B with B = X{'Xg. Let the skinny

SVD of X1 be X1 = UlSlVlT, and Xo = UQSQVQT, X, = UeSeVeT are SVDs of Xo and X,
respectively, then

S. = diag(S) + O(€2), €S2 + O(e%)),

U =[Ui+0(2) Ts+0(?)], V.= [ Vit+O(?)  —eBV,+0(e)

eBTV + O(e3) Va+ O(e?)

Proof. Let G = [X; Omx(n_k)]T[Xl Opx (n—ky] and let

Ty 0 eXiXo |
Ge=XXe=G+ [ engl €2X2TX2 =G+ F
be the perturbed version of G. Notice that
.k i 0
[z vl =y {0 Vg]
k n—k

has orthonormal columns forming orthonormal basis of simple invariant subspace of G such that
the representations of G with respect to Z1,Ys are

(33) GZl = Z1L1, GY2 = YQLQ, for L1 = S?Sl, LQ = On—k'

By Lemma 3.1, there exists an (n — k) x k matrix P such that Z;,Ys with structure (3.1)
form the orthonormal bases of right and left invariant subspaces of G, respectively. Substituting
(3.1) into the relation Y,/ G.Z; = 0, one can derive that (Y — Z; PT)T(G 4+ E)(Z; + Y>P) = 0.
Using (3.3) and the expressions for 71, Ys, we obtain

P(STs)) =Yl Ez — PZrEZ, + YTEY,P — PZIEY,P,

from which

P =V (X1 X)W + O().
From (3.1)-(3.2), [Z1 Ya] has the following form

~ 2 —¢RBV 3
7 T Vi+ O(e?) eBVy+ O(€?)

T | BTV +0O(3)  Va+0(2) |7

and the representations of G, with respect to Z,Ys are given by L = STS) + O(e?) and

Ly = (YJEYs — PZIEY,)(1+ O(€2))
= V3 [XT Xy — (XTX0) T (XT X3)|Va + O(eh)
= V2 Xa XaVo+ O(eh) = €255 S + O(eh).
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Note that G = XET X is symmetrifz and~G€ has Zl and }72 as the~base~s of its simple right and
left invariant subspaces such that YQTGEZl = 0. Therefore H := [Z; Y3] satisfies

N - STS1 + O(e? 0
H'XTX fg=| """ (€) T R
0 €255 So + O(e*)

where the orthonormal columns of H span the right singular subspace of X, with diagonal
entries of S1+O(€2), eSa + O(€) as its singular values. By taking V. = H and using the relation

X V. =[X1WV1 + 0(62) eXoVao + 0(63)] = [U151 + 0(62) U5y + 0(63)],
we conclude that the left singular matrix U, of X, satisfies
U, = [Ul + 0(62) UQ + 0(62)] .

The proof is then completed. |
Based on Lemma 3.2, the close relation of the multidimensional TLSE problem to an un-
constrained WTLS problem is illustrated below.
Theorem 3.3. For the multidimensional TLSE problem (1.2) with the notations in (2.5)-
(2.8), assume that Voo has full row rank, and the minimum Frobenius norm solution X; =

—VHVEQ. Denote

e 1C

_ 17 _
(3.4) Le=W; L_[ )

-1
| = =[]

B

where W, = diag(elp, ;) with € being a small positive parameter. Let the multidimensional
weighted TLS problem be given by

(3.5) %1? INE Fl|F, subject to (Le+ E)X.=H.+ F,
then for sufficiently small € > 0, the minimum Frobenius norm solution Xy exists and tends
to X; as € tends to zero.

Proof. To prove the close relation of TLSE solution to the WTLS solution, we need to
investigate the right singular vectors of Ee = [Le H| corresponding to small singular values.
Notice that EZ and [5T EAVT] have the same left singular vectors, while their singular values
are identical up to multiplication by e~ 1.

To apply Lemma 3.2, let CT = VCSCUC:C be the skinny SVD of the full column-rank matrix

CT, and the SVD of AQ; be given by (2.6). It is obvious that (I,,+q — CTCTT)AT has the SVD:
(hsa— GTEITY AT — 5,01 AT = (GoT)STTT = VST

By Lemma 3.2, we know that the left and right singular matrices V,, U, of [éT efTT] satisfies

)

Vo= |Ve+0O(?)  V+ 0(62)] . U=

P, (UC +O(@) ) Q. ((7 n (9(62))
A

-~

(3.6)

P n+d—p P n+d—p
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where V = @2‘72,

(3.7) P = [ G(é%f) ] o Qe= [ _e(iéT)T ] ’

and the corresponding singular values are just diagonal entries of S¢ + O(€?), S + O(e?).
Therefore the SVD of L. is given by L. = U.S.V.] with

(3.8) Se = diag(e 'S¢ + O(e), £ 4 O(?)),

and for sufficently small €, the smallest n + d — p singular values of EE can be approximated by
o; +O(e?) for i = 1,...,n+d — p, with a gap between &2 + O(€?) and 5'l%+1 + O(€?). Moreover,
the bottom right d x (n + d — ¢) submatrix in V, has full row rank. Therefore the minimum
Frobenius norm WTLS solution X to problem (3.5) exists, and in the limit, it takes the form

lim Xy = lim | — (Viz + O()(Var + O(E)| = V12V,
e—0+ e—0+
which is exactly X;. This leads to the desired results. |
Remark 3.4. The weighting method of treating TLSE as the WTLS problem (3.4)-(3.5) al-
lows the application of any numerical algorithms for standard TLS model to the WTLS problem,
say for a TLSE model arising in color image deblurring and denoising problem (See Example
5.1), we may use the randomized truncated TLS (RTTLS) algorithm [48, Section 3.2.1] on L,
to approximate well its large singular values and corresponding singular vectors, from which

~ o~
the RTTLS solution X5 is approximated by Xt(e) = <V1T1(e)) V2T1(E) according to the formula

(2.3). The idea of computing X5 is to treat n + d — ¢ small singular values of EE as identical
[48], and the parameter ¢t = k + p plays the role of the regularization parameter to guarantee a
well-conditioned V(. A feasible ¢, can be chosen based on the L-shaped curve for

|He — LeXyo |7
d+ || Xyo)ll%

(3.9) (t, logipyt), with vy =

Here the quantity y; approximates small singular values of ;Ije and the choice t is to avoid small
singular value gaps that might lead to a (nearly) singular V() (see [41, Theorem 3.14]).

4. Condition numbers of the multidimensional TLSE problem. Condition numbers mea-
sure the sensitivity of the solution to the original data in problems, and they play an important
role in numerical analysis. In this section, we evaluate the condition number of the multidimen-
sional TLSE problem.

Let m = p 4 ¢. Define the mapping ¢ : R™"*t4) — R" for the multidimensional TLSE
problem (1.2):

6(c) = veo(Xy), c=vee([L H]), for L:[i], H:[IB)],
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and the absolute normwise, relative normwise, mixed and componentwise condition numbers of
X; as follows

abs _ 1 HAXt”F .
K*S(Xy, L, H) = lgnosup{H[AL AH[F AL AH]|r <e€l|[L H]|r¢,
rel _ HAXtHF .
060, 1) = s { LDE AL amle < elle mle.
m(Xi, 2. H) = tigsup { L98lmes s |ar) < p), o) < e},
t X
¢(Xy, L, H) = lim sup{1 |55 A<, |aH| < eH)}
e—0 max
where | - | denotes the componentwise absolute value, Y < Z means y;; < z;; for all 7, j, and %
is the entry-wise division defined by % = [ZZ%] and % is interpreted as zero if £ = 0 and infinity

otherwise.

If vec(X:) = ¢(c) is continuous and Fréchet differentiable at the neighbourhood of the point
¢, according to the concept and formulae in [5, 11, 12, 36], the above condition numbers can be
formulated as follows:

KXy, L, H) = ||¢/(c)|2, KXy, L, H) = ¢ ’(;EH)QHCHQ
_ ¢ ()] - lelllo c _ |l - Il
i 2,0 = UL, ooz, m = L]

4.1. Normwise condition number. Notice that ¢'(c) is vital for above condition numbers,
while a simple and Fréchet differentiable expression of ¢(c) is not easy to derive. To get ¢'(c),
as did in [25], we start from the differentiability of the weighted TLS solution X, by defining
the mapping for the multidimensional WTLS problem (3.4)-(3.5): vec(Xy)) = ¢(ce) for cc =
vec([Le H]). Then we get the first order perturbation estimate vec(AXy)) of WTLS solution
based on the result in (2.4), from which the first order perturbation estimate of the TLSE
solution is derived by taking the limit ¢ — 0. Similar limit technique to perform perturbation
and condition number analysis of a problem was also used in [27, 34, 46] for equality constrained
least squares problem, and in [52] for mixed least squares-total least squares problem.

Theorem 4.1. With the notations in (2.5)-(2.6), let the skinny SVD of C be C = UcScVE.
Assume that the condition (2.7) holds and the partition Vay in (2.8) is of full row rank. Denote

I —(AchT ] [ Se 0 ] - — . n |V
p=| 7 | Q= . 8= < |, M= V=" |
[ Ogxp } @ [ I ' 0 X 1=lVe Vil d | Vg

p k t

Then for sufficiently small perturbation ||[AL AH]| F, the first order perturbation estimate for
the minimum Frobenius norm TLSE solution X; = —VlngQ takes the form

(4.1) vec(AXy) = Kvec([AL AH]) +O(|[AL AH]||%),



12 LIU, JIA AND WEI
where K = (Hy + Hy)GZ is exactly the Fréchet derivative ¢/ (c) and with By =1- V;Vzg,

— —T . 15 _ *TT ~.+T
H, = <(V22V22) 1Vzl) ® (Vi2Fy,, ), Hy = (V22 ® V1T1 )H(n—l-d—t,t)v

0, 0 TS S
G:(S%@Imdt—[ 5’ I ] @ (IS MNL 92T S @ Ligad],

Oniaysp Vi]T @ (QU)T
7T ~
Wt mra—i) (Vz ® [PUc QUl]T>

(4.2)

7 =

Proof. Assume that the SVD of L. = [L. H] = U.S.VZ is given by (3.6)~(3.8), whose
factors have partitions as

U = [ﬁl(e) | (72(6)} = [PEUC Q.U ‘ Qsﬁz} +0(e%),

t n4+d-—t p k n+d—t
(4.3) Vo= | Yo | Vi | 2 {VC Vi ( Vz} +O(e?),
d | Vare | Voo —
t n+d—t t n+d—t

51(5) = diag(e 'S¢ 4 O(e), 1 + O(e2)), 52(5) =3y 4+ O(2).

By applying the result in (2.4) for the WTLS problem (3.4)—(3.5), the first order perturbation
estimate of the WTLS solution Xy satisfies

(4.4) vec(AXy() = (Hi( + Hy()DeZevee([ALe AH]) + O(| AL + [AHF),

where with Fy, o =1— V22( )Vgg(e),

~ ~ ~ B ~_I_T
Hye) = ((Vz)z(e)‘/zg( )" V21<e>> WViaoFy,, ), Ha = (Vo ® Vi) Monraso
D= (52 10 @ Inpa—t — It ® (5( Soe)) I ®SYy  Sie) ® Invat],
T T
g @ Uao
H(t,n+d—t)(v 2(¢) QU (6))

(4.5)
e =

In (4.4), DeZevee([ALe AH]) = DcZe(Inia ® W h)vee([AL  AH]). By setting W, =
diag(elp, Iy,), Sl( )= W Sl( ), We obtain D Z (g @ W) =G Z, for

(51(6) ® Intd—t — W ® (SQ( )52(5))) 1[ ® S 2e) (ngl(e)) ® Intd—t),
G (S()®In+d Lt W ®(S()SQ())) 1[It®5() Sl(e)®fn+d—t],
(VI(E)WE) (UgEE)We_ )
It nta—t) (Vé‘fe) ® (W;lUl(e)We)T)

(4.6)
7, =

By the expressions in (4.3) and taking the limit € — 0 for Hy (), Hy(), Ge and Z. in (4.5)—(4.6),
we obtain the corresponding limit matrices Hy, Hy, G, Z as (4.2), and that K = (Hy + Hy)GZ
is exactly the Fréchet derivative ¢/(c). [ ]
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Theorem 4.2. With the notations in Theorem 4.1 , the absolute and relative condition num-
bers of the minimum Frobenius norm TLSE solution X; are given by

_ — L H
(X0 L H) = |+ H)GZ, (X0 L H) = |1+ H)GZ]
t

where

— T ~ _ _ __+T ~ ~
Hy = (VaVio) " Vo) @ (Vio + XiVi),  Hy = (Vi @ (Vi + X, V1) ) gt

7 — di Op O 7T oT Iy 0
7ol |5 e @ | g b o)

In particular, when k =n — p, Hy diminishes to zero and Hy = (VQ_QT ® YA/IIT)H(dm) for XA/flT =
Vir + X, Var.

Proof. By the condition number formulae, the absolute and relative condition numbers of
the solution X; are given by

/
X0 L) — 1@ — Kl w117y — 18@lallele KL H)le
(Xeo L. H) = [/ (@)]l2 = |12 (X, L, 1) = 1061 e

in which [|K|l2 = [|[KK”|y* = ||(Hy + H)GZZTGT (Hy + Hy)|[V/? for

Op 0 TTOTOTT
s | | o |e@¥arady ! _ 2
0 it nta—t) (In+d—t ® M) H%;,njtd—t)
and
B I, ULPTQU, [ I, 0 ] { L, 0 ]T
U Q"PUc UTQTQU, Ul (ACYUe I, | | ~U[(ACYUe Iy |
7 = diag( { 0

I, 0

I ] @U2Q7) . Muptay (I’”d*t @ [ ~UL(ACYHU: I, ) )
0 U QT . b
Ik :| ® (UZ Q ) ) (|: _UiT(ACT)UC Ik: :| & In-i-d—t) H(t,n—i—d—t) )

P
0
i Op
—dlag( [0

Notice that Il ;44— is an orthogonal matrix, then [|K|2 = [[(H1 + Hy)GZ|ly = ||(H) +
H2)GZ||5.

The expression for H; is obvious since X; = —712722. For Hs, note that the SVDs of
AQyQF = USV" and C = UpScVE imply R(Ve) = R(CT) = R(Q1) and R(V) C R(Q2),
therefore Vg V =0 and

Viin Vo

4.7 Vi=[Ve V)=
(4.7) Ve Vi Vor Voo
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is an (n 4+ d) x (n + d) orthogonal matrix. According to Lemma 2.1(b),
~+T ~ ~
(4.8) VlTl — Vll + Xth.

The formula for Hs is as desired. Moreover when k = n — p, Vo is nonsingular and so is Y711 by
Lemma 2.1(a). Obviously, X, = —VmV;;, and Hy = 0. ]
The simplified form of || K| still involves Kronecker product operations, which might lead
to large storage cost. The following theorem gives compact upper bounds for the normwise
condition number.
Theorem 4.3. Let

~2 ~2
1 ~ T 2 ~ 5 V% T i1
phe =1+ 1Cl: + [ACTCll,  plier = 14+ (10Tl + [ ACT 2. nf = max § 1, Ly 0
k— YEk+1

then for the absolute normwise condition number, we have
2
KX L H) < (1 X 3)pent
In particular, when k =n — p, it has the bounds as

ag
2
By <R L H) < (L Xt
AC

Proof. Let Wy = [ %D 19 ] It follows that Z = I'Z for I = diag(T'y,T2) ® Iy4q—¢, with
k

' = WO7P2 = diag(SC7Ik)7 and

. ~ st 0 ..
_ 3 TAT _ Po .
Z = d1ag< Wo® (Us Q") [ _OT(ACH U I ] ® Inyyd—t ) s diag(Z11, Z22).
Therefore
(4.9) K (Xy, L, H) < ||Hy + Ha|j2l|Gll2]| Z]]2,

where G = GT', and

Q|

—T Sé’ 0 = ) e\ -2
G = (7 srg | ®lurat+Woe BI2)) (87 Insas — Wo® (S152))
1+1

consists of (k + 1) diagonal blocks D® for i = 0,1, - - , k satisfying
~2 | ~2
. O; + Opysi
D) = Ip(n+d—t), DY = diag(éikﬂz), 1<i<kl1<j<n+d-t
(07 — Uk+j)

Note that % is an increasing function of n and a decreasing function of ¢ for ¢ > n > 0,
therefore

o — =1 1/2 o
(4.10) IGll2 = |GG |5 = ng.
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For the upper bound of |[H; + Hsll2, note that V in (4.7) is an orthogonal matrix and
X = —712722. Then by a similar technique in [50, Theorem 3.6], we have

tval
(4.11) | Hy + Hallz < [[Violl3 = 1+ |1 Xe13.

For the norm of Z and Z%, note that
(4.12)
1Z1ll2 < [1Qlls = 1+ [ACT |12, [1Z],]l2 = (omin(QU2)) ™" = (owin(I + U3 CTCT)) 712 < 1

for C = (ACT)T. Moreover, with (ACT\Ux S = AV and VeVE = cie,

] = 0 ~ . )
Gala = ||| =y < 14 Gls + |1 ACTs = p2
1 Z22]|2 H[ _OT(ACHUe Ik] = +[CMl2 + [[ACT 2 = pacs
. SeVE o S '
Ztla= || ~7~ € <1 ACTC|y = ..

Therefore || Z]2 < pf)c, 1212 < 9541%" Combining this with (4.10)—(4.12), the upper bound for
k2P5(Xy, L, H) follows.
When £k =n —p, H =0 and mabS(Xn, L, H) has the lower bound as

KabS(XnaLaH) > Umin(HZ)H§ZH2 > O'min(HQ)O'min(Z)HéHZ
o

g
= i > — 1k ~,
1H 21212 = ||V [l2] Vaall2p %

which completes the proof. |
Remark 4.4. When C' = 0 and 77 > 1, the upper and lower bounds in Theorem 4.3 re-

duce to the ones for the TLS problem in [50]. Moreover, note that HV;QH% =1+ || X3 =
1/02. (Va2), and it follows from Theorem 4.3 that the multidimensional TLSE problem might
be ill-conditioned, when C is ill conditioned, or the gap between & and Gy 11 or omin(Va2) is
small or the solution norm || X;||2 is large.

4.2. Mixed and componentwise condition numbers. For the mixed and componentwise
condition numbers, we have the following results.

Theorem 4.5. With the notations in Theorem /.1, we have mixed and componentwise condi-
tion formulae of X; as follows:

_ M N]vec([|L]

(4.13) m(Xy, L, H) = HXthaX‘HH)HOO’ o(Xy, L, H) = '

)
o0

|MN{vec([|L| [H]]) H
vec(| X))

where M = (Hy + Ho)D™', N = Ny + Ny for
Op 0 ST
0 Ik :| ® (22 22)7

N1 = [Opnrayxp VilT ©(QU52)T, No=T;p a1 (VzT ® [PUcSc Qﬁlil]T)-

D=S2®I, 4 ¢— [
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Moreover, if the (n+d —t) x t matriz'Y satisfies Dvec(Y) = vec(Y) for
~ o~ —_ 7T ~ o~
(414) T =[QU2S[M[IL] [HOpmiayp [Vill + V2L [HT[PUcSe QUIT,
then the condition numbers have compact upper bounds as

1T ival i3 ST 7 70 \—
[P YT Vhs | + (Via P, JY 1V (Va2 V) |

m“(Xt,L,H) = max)
”Xthax
~iT —t - o
(X, L,H) = ‘V;rl YT‘V22|+|V12F722|Y|V27£(V22V22) 4
ty - ,
Xi

where the matriz Y can be formulated via its i-th column y; = Ye;:
(415) Yi = (S?In-i-d—t - TiigEQ)_lreiv 1= 17 27 et

with s; being the i-th diagonal element of S1 and 7; = 1 for ¢ > p and zero otherwise.
Proof. By Theorem 4.1 and the concept of condition numbers, the mixed condition number
of X; can be formulated

(O lelle I+ HGZ] - vee(L] 1HD)|

m(xi, 1) = Wl 8 LA X, |

e (N iy (a0 S0V @ PUe QU JveeULl (1)
B HXthax

_ [[[MNlvec([[Z] |H])ls
||Xthax ’

where the numerator is bounded by

[MNvee(|L] [H) < (1H| + [Ha)D™H (M| + [Nalvee((IL] [HI)
< (|| + [Ha|) D~ vee(T) < vee |V YT [Via| + [Via By, [V IV (Va2V ) 1)

where Dvec(Y) = vec(T) gives YS2 — XI5,V [ Oop IO
k
y; = Ye; in (4.15).
For the componentwise condition number, it follows that
[MNlvec([|L| |H]]) H

vec(| X¢|)

} = T, leading to the expression of

)

Xy, L,H) = ‘ W

o0 ’ [o¢]
and the upper bound ¢*(Xy, L, H) follows obviously. [ |

The following result is straightforward from Theorem 4.5.

Corollary 4.6. With the notations in Theorem 4.1 , if for k = n — p, o > opp1 and Vo
1s nonsingular, then the mized and componentwise condition numbers for the TLSE solution
X, = —VHVQ_; satisfy

_ [MNlvec([|L|

H
Xnlnos

)
o0

|[MN|vec([|L| |H]]) H
vec(| Xy|)
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where

=T _ 5_ 0 0 STS \\—
410) M= (Ve @ TS o - | ¥ 0 e G5

(4.17) N = [O(ner)Xp Vl]T & (QﬁQiQ)T + H(n,d) (V;F ® [PUcSc Qﬁlil]T>.

Moreover, they have upper bounds as

[V v, |H
[ X[l max

where the i-th columns of Y and Y are given by (4.14)-(4.15) with t = n.

Theorem 4.7. For the TLSE problem Ax = b subject to Cx = d, assume that for k =n — p,
Ok > 0pp1 and Vg is nonzero. Then for matrices M, N given by Corollary 4.6 and the solution
T,, we have the relation

Vi YTV |
Xn

m*(Xn, L, H) = (X, L, H) =

)

max

K = MN = TiG(zn) — T,
where G(z) = [z7 — 1] ® L4y,
Ty = 2p 2 Kau? — [, KAT), Ty = K([In Onx1] @ uT),
for C’L = (I, — KATA)CT, p= /1 + |z, and u” = [ -7 T(ACH) rT] with r = Az —b.

Proof. Note that when k =n — p,d = 1, in (4.16) and (4.17), Tl ) = [, q) = In, $Ty, =
~2
Op—pt1 and

- 0, 0 SIS =1 _ 1 a—2 52~ -
D7li= (S%@Id—[ 0 L, ] ® (33 %)) 7" = diag(S:%, (57 — 05y dn—p) )

Following (4.8), the matrices M, N in (4.16)—(4.17) take the form
TS5 -7 -1 5T S5 o1 T g 9 &~ _
M = V22 VllTD 1 = V22 [In xn]‘/lD 1 — V22 [In l’n]‘/ldlag(SCQ, (E% — O-n—p—i-llnfp) 1),
—_ ~ ~ 7T ~ o~
N =N; + Ny = [0(n+1)><p V1T @ (QUE)T + Vs ® ([PU@S’C QUlzl]T),

where 171 [1711 1721] and 1711, 1721 are defined in Theorem 4.1 .
In the following, we first derive an equivalent formula for (22 N?L pr1dn— p) . Let Q5 be
given by (2.14), based on the SVD in (2.6): AQ2 U121V1 + UQEQVQ , partition

v v = "7 % %z
n—p 1

Note that AQ» is the first n — p columns of Z@g, therefore AQs = ﬁlilvﬂ + [72532{7?2, from
which

Yo = (AQ2)"(AQ2) — 5 p+1In —p

4.18 ~ ~ ~ ~
(4.18) [Vn Violdiag(32 = 52 11 p,0)[Vi1 Vio)! = Vi1 (32 =52, 1 In—p) VL,
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in which 171]- satisfies
(4.19) Vi = Q2‘~/1j + 5_1330‘72j = Q2‘71j —xcVaj, j=1,2,

according to the relation V = @2‘7 Moreover ‘722 = —BV 9 is nonzero. By Lemma 2.1(a), I711
is nonsingular. From (4.18), we obtain

(4.20) (5 = TnparTnp) " = ViTYy Vin.
It should be noted that for any column vector z and matrices M;,
M(My® 2Ty = (MiMy) @ 28, 2T @ Mz = Ms(2T @1).

With V4 = [Ve V1] and the expressions in (4.20), we therefore obtain

‘71T1(;I;0i(1n§111)vf ) ® (QﬁZ §32V;21)T
= ([In 2 VAVEY; WiV © (QU252V5)7,
MNy = V"D ([=al 1)@ [PUcSe QUISHT)
=l 2 )ViD'[PUcSe QUASYT ([—2f 1] ® Iy4g)
=L, @ J(CTPT + ViVIY (U VID)TQT)([—af 1] ® L),

MN; = <[In znVi

in which
OSaVst = AV = AVaVot = (4 B[] = -n
(4.21) DSV =0V [ e = [(4Qw) - G5V )57 ]
= AQz — Un55V 5y Voo Vih = AQa + 1V Vi),
and

~ 7T ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
Vi = [VaV Vll‘{g:ﬂ Ng :~[In—p — ViaVih e ‘2{2%3]@5
(4.22) = (nep 0] = VioV3)QF = [QF 0] = VA2V
~ —p Lo ~ 7
=[QF 0] —ViaVipu[Vy Vi 11=[QF 0]+ ViaVylal —1].
Therefore
(4.23) I, z]ViVi) = Qs

Moreover, note that the Greville’s method [2, Chapter 7, Section 5] gives

~ I, — w_lazch) el
= (In , C , w=1+|lzc|3.
w 1$£CT 2
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Combining this with the expression for z, in (2.16) with £ = QgYE)_ng, rc = Azc — b, we
have

[I, x,)CT — KATACT

(4.24) — (I — w_llCATTcwg)CT — KAT(A — w_lrciﬂg)CT = (I, — /CATA)CT.

Besides, according to (4.19), the matrix K applying on Q21712V§2 gives

~ =T — = T = =T _
(4.25) KQ2ViaVay = K(Via + xcVa2)Vay = K(—xn + 20)V22Vay = —p 2/C.Z‘n,

Vo L Voo ll2 -2 T T 7T9T 2
where VoViyy = [|[Va2|l3 = p~2 based on the fact that [z} — 1] = p[V 1y V| for p? =
1+ ||zn)|3, and K(x¢ — ) = —Kx,, since Q2 zc = 0.

Combining (4.21)-(4.25) with u? =r7QT = [ - rT(ACH) rT], we have

MN; = - [sz(leQT([In 0] + Q2‘712V§2[$£ - 1])} ®u’
= —(/C[In 0] — p2Kay[zl — 1]) @ ul
= K(n O ®uT) + (2 KaguT) (2] — 1) © Lppg),
MN, = [[Jn 2] O o} +KAT[-ACt 1)+ /CQmQVQTQuT)([—xT 1) ® Lg)

n

- ([(In —KATA)CT KAT) - p_glCa?nuT> (=27 1@ I,).
Consequently,
M(Ny + No) = (2p*2/ca:nuT — (I, — kAT A)Ct /CAT]) (&F —1)®Ly) —K(L, 0]@u’),

which is exactly K. The assertion in the theorem then follows. |

Remark 4.8. In Theorem 4.7 the matrix K = T1G(z,) — T> characterizing the first order
perturbation of the TLSE solution is just the one derived in [25] for the single right-hand-
side TLSE problem. As revealed in [24], the single right-hand-side TLSE can be viewed as
a generalization of the linear least squares problem with equality constraint (LSE), and the
normwise condition numbers of TLSE in [24] includes the ones for LSE problems. Therefore the
normwise condition numbers of multidimensional TLSE problem unify the counterparts for the
single right-hand-side TLSE [24] and LSE [7] problems.

Remark 4.9. Tt is observed that the formulae for three types of condition numbers involve
the Kronecker product which might lead to large storage and computational cost. For mixed
and componentwise condition numbers, we can use their upper bounds as alternatives, while for
the normwise condition numbers, as did in [50], we can compute

KXy, L H) = | H|y = |[HTH|Y?, for H=(H,+ Hy)GZ = (H, + Hy))D"'Z,

by applying the power method to the matrix HTH, in which D is defined in Theorem 4.5, Z =
[It & EZT ST ® In+d,t] Z. In the power scheme, the matrix-vector multiplications associated
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with H and HT can be transformed into Kronecker product-free operations, say for H f, where
f=1U A7 with f; = vec(F;) with F; € RPHoxt B, ¢ Rntd=t)xt

> ~ ~ 1T ACNTTT, S
g=Hf = (Hl + HQ)D_lveC ((QUQZQ)TFl |: %7 IO S(')C UC(Ag ) Uix
k 1

= (Hl + HQ)VGC(T) = Vec((Vu + XtVQQ))T‘?g;(VQQVgQ)_l + (Vll + XtV21)TTVJ£2),

}+F2

where t; = Te; satisfies

0, 0 Sc —UL(ACHTU %,
0 I »

li = (S?In—i-d—t - Tiigfh)_l ((QﬁQig)TFl [ 0 5
1

}+F2

) €,

in which s;, 7; are the same as those in Theorem 4.5. The Kronecker product-free expression
associated with H” ¢ can be derived in a similar manner. Here we omit these.
Remark 4.10. If the matrix A has a linear structure so that it can be represented by A =

4
> @;S; and
i=1
¢
vec(A) = ajvec(S;) = B Ma,  DH = [vec(S)), vee(Sa), - - , vee(Sy)],
i=1
where Sy, Sa, - -+ , Sp are linearly independent basis of structured matrices, and @ = [y, aa, - -+, ]

By the statement in [23, Theorem 4.1], ®5™"" is column orthogonal and has full column rank,
with at most one nonzero entry in each row. If B, C, D also have linear structures, then there

exist column orthogonal matrices @iﬁ%‘“, CI%%“, @SLtrI‘}Ct and a permutation matrix II so that

_ &Hstruct a o @%ruct 0 a
VGC([A B]) - (I)A,B |: b :| . |: 0 (I)thruct b |’
vl D) = agyt | § | veellL ) = #le” a” o WY

where &7 = Tldiag(®F R, ®%'5), and TT is the permutation matrix such that vec([L H]) =

[rectc o],

For the perturbed TLSE problem, if we restrict the perturbation matrices [AL AH] to
have the same structure as that of [L H], that is, vec([AL AH]) = @7} where € =

[AcT Ad" AaT AbT}T. By defining the mapping ¢ such that ¢(c,d,a,b) = x5, the first order
perturbation result becomes Az = K @SLthICte—I—O(HeH%) based on (4.1). According to the concept
of condition numbers, the relative normwise, mixed and componentwise condition numbers for
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structured TLSE take the following forms

T dT CLT bT]H2

Kstruct<c’ d, a,b) — ||K(I)ir11}ct”2 H [C

)

”xtlseHQ
mstruct(c d a b) — H‘K(I)%’I“}JICt ) Hc’T |d‘T ’a‘T ‘b’T]THOO
T Hﬂ;lse”oo ’
Cstruct(c d a b) — ‘Kq)SLthl-lICt . HC‘T ’d|T \a|T ‘b‘T]T
T |$tlse’
00

5. Numerical experiments. In this section, we present numerical examples to verify our
results. The following numerical tests are performed via MATLAB with machine precision
u = 2.22e — 16 in a laptop with Intel Core (TM) i5-5200U CPU.

Example 5.1. In this example, we apply the multidimensional TLSE model to solve a color
image deblurring problem with constraints on color channels. Based on the RGB color space, a
color image is represented by a three-dimensional vector function,

u(z,y) = [ure,y) uglzy) wlzy)]

where u,(z,y), ug(z,y) and uy(x,y) denote the red, green and blue channels, respectively, and
(z,y) belongs to a square domain Q C R2. Let the domain  be divided into d non-intersect
square sub-domains of same size: (1q,---, €y, that is Q = Uflzlﬂi and ;NQ; =g ifi# j. Now
we present a new parallel and coupling degradation model of color image blurring and noising:

(5.1) u(z,y) = K xu(z,y) + b(z,y), (z,y) € Q,
where

Krr Kgr Kbr
(5.2) K=| K,y Kyg Ky

K.y Kgp Ky

is a coupling blur operator independent of ¢ with each sub-matrices being real blur operators, x
is the convolution operation, and b(z,y) is an additional Gaussian noise. The left hand side of
(5.1), u(z,y), is called an observed color image. The aim of color image deblurring and denoising
is to recover the original color image u(x,y) from such observed color image under the parallel
and coupling degradation model (5.1).

Let A € R3*3” be the discrete operator of K, and u;, b; € R™ denote the discrete forms
of u(x,y) and b(z,y) on §;, respectively. Then a new model of color image deblurring and
denoising is proposed by

(5.3) min I[E  F]||r, subjectto (A+ E)U=B+F, CU=D,
EERS"X3", FecR3nxd

where U = [U1 s ud], B= [bl s bd] € R?’nXd,

C=[1, I, I,]eR™™"
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(a) Original (b) Observed(20.6462, 0.6521) (c) Restored(38.0182, 0.9930)

(d) Original (e) Observed(19.4510, 0.8113) (f) Restored(35.2479, 0.9835)

Figure 5.1. The visual comparison of color image prediction: The original color images are in the first column,
the observed color images are in the second column, and the restored color images are in the last column. The
PSNR and SSIM values of observed and restored images are listed in the brackets under the images.

and D € R™ ¢ is a binary matrix taking 1 or 0 as its entries.

The Gaussian blur operator A and the Gaussian noise are respectively generated by the
Matlab commands: imfilter and randn. The original color images are shown in the first column
of Figure 5.1 and they are of size 512x 512, i.e, the square domain is Q = {(i,7) : 1 <i,7 < 512}.
For the first image in Figure 5.1, the number of sub-domains is d = 2'° and the size of each
sub-domain is n = 2% x 24 = 28. In the practical implementation, we add extra boundaries
about 8 pixels to each sub-domain and thus extend n to 1024. For the second image in Figure
5.1, the number of sub-domains is d = 2% and the size of each sub-domain is n = 2° x 2% = 210,
Similarly, we add extra boundaries about 8 pixels to each sub-domain and thus extend n to
2304.

The deblurring problem is solved via randomized truncated TLS (RTTLS) algorithm [48]
applied on the WTLS problem (3.4), in which the weighting factor ¢ = 10~%, and the sample
size | = t 4+ 10. In Figure 5.2, the L-shaped curves (3.9) are plotted for two observed images,
with 10 as the stepsize of t. The regularization parameter ¢, is chosen to be the abscissa of the
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L~curve for the first observed image L-curve for the second observed image
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Figure 5.2. The L-curves of (t, logq, AT TX, ) I%

) for solving TLSE based on the weighting method.

point near the corner of the L-curve, with the adjacent decay rate of y; in magnitude smaller
than a threshold 7.

By taking 7 = 1079, we obtain ¢, = 1080, 2420 for restoring two blurred images respectively.
The restorations are shown in the third column of Figure 5.1 and their PSNR and SSIM values
are listed below. It is observed that our method successfully completes the deblurring and
denoising processing and restores color images with high PSNR and SSIM values.

Example 5.2. In this example, we generate small random multidimensional TLSE problems
to verify the rationality of the first order perturbation estimate in Theorem 4.1. The entries in
[C D]and [A B] are generated as random variables uniformly distributed in the interval (0,1),
via Matlab command ‘rand(-)’. Set p = 10,q = 40,n = 40,d = 5, and let the perturbations to
the data be given by

[AC AD] = exrand(p,n+d), [AA AB] = exrand(q,n + d).

Choose t = 10, 20, 30,40 and compute the solutions to the original and perturbed problems via
the QR-SVD method. In Table 5.1, with respect to different €, we compute the absolute error

nax, = ||[vec(AXy) — Kvec([AL AH))| -

The tabulated results show that nax, = O(e?), illustrating the rationality of the first order
perturbation estimates in Theorem 4.1.

Example 5.3. In this example, we do some numerical experiments for TLSE from piecewise-
polynomial data fitting problem that is modified from [3, Chapter 16] and [7, Example 3], in
order to compare the sharpness of three types of condition numbers in evaluating the forward
error of the solution.
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Table 5.1
The absolute error of the first order perturbation estimate of vec(AX¢)

t 10 20 30 40

e=10""2 1.9e-4 6.3e-4 5.2e-4 3.0e-4
e=10"* 5.6e-8 2.3¢-8 3.7¢-8 2.1e-8
e=10"6 2.7e-12 3.7e-12 1.8e-12 1.5e-12

Given N points (t;,y;) on the plane, we are seeking to find a piecewise-polynomial function
f(t) fitting the above set of the points, where

_J [, t<a,
f(t)_{ f;(t)7 t>a,

with a given, and fi(t) and fa2(t) polynomials of degree three or less,
fi (t) =x1 + 29t + $3t2 + .%'4t3, fo (t) = x5 + gt + .%'7t2 + wgtg, .

The conditions that fi(a) = fa2(a) and f{(a) = f}(a) are imposed, so that f(¢) is continuous
and has a continuous first derivative at t = a. Suppose the N data are numbered so that
ti,...,tpr < aand tpr41,...,tny > a. The conditions fi(a) — fa(a) = 0 and fi(a) — fi(a) =0
lead to the equality constraint Cz = d for x = [z, 29,...,2s]7 and

- 1 a a® & -1 —a —a* -d d— 0
10 1 2 32 0 -1 —2a —-3a% |’ 1o |

The vector x that minimizes the sum of squares of the prediction errors

M N
D (Alt) —w)+ D (falts) — i),
i=1 i=M+1

gives min, ||Ax — b||2, where

(1t £t 0 0 0 0 - ;
2 3 y1
S b2
. . 2. :; . . . . :
a— | Lttty 00 20 30 R
0 0 0 0 1 tyer 34y thg
0 0 0 0 1 tare fa.g iy vt
: - > 3 | uv ]
00 0 0 1 tn & @t |

and the matrix A is of 50% sparsity. If more than one observation vector is allowed, the data
fitting problem becomes the multidimensional TLSE problem (1.2).
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Take M = 200, N = 400 and sample t; € [0,1] randomly. For a randomly generated
piecewise-polynomial function f(¢) with a predetermined a, we compute the corresponding func-
tion value y; = f(t;). Since the matrices A, C' do not have linear structures, we consider random
componentwise perturbations on the data as

(5.4) AL=10""2.Exps®L,  AH=10"2.Ey,0H,

where F; is the random s x ¢ matrix whose entries are uniformly distributed on the interval
(0,1), ® denotes the entrywise multiplication.

For simplicity let xy, m, c denote the relative normwise, mixed and componentwise condition
numbers given in Theorem 4.2 and Theorem 4.5, respectively. Set

[[AL AH]|r

x =vec(Xy), €= T

e = min{e : |AL| < ¢€|L|,|AH| < €|H|},

where ¢ is a random integer between p and n such that Vs is of full row rank, and the quantity
€y 18 used to evaluate the upper bound of the forward error [EA PR €nkn, While €. is to derive

l[z]l2

A o . s

HH;ﬁHw’ H%Hoo via mixed and componentwise condition numbers. Moreover
o0

upper bounds for

we let p = pf)cn,‘; be the factor for upper bounds of x**(X;, L, H).

We list numerical results with respect to different a, and for each a, we generate two different
problems and compare the estimated upper bound with actual relative forward errors. It is
observed that for fixed a, the problems with a larger || X;||3 and moderate p produce larger
condition number estimates, which illustrates that the norm |X;||2 is a factor to affect the
condition number of TLSE problem. However, whether ||X¢||2 is big or small, the estimated
upper bounds of the forward error via eyky, €.m, €.c are about one or two orders of magnitude
larger than the actual forward error of the solution. Among three upper bounds ¥, m*, c* of
condition numbers, the normwise condition number-based upper bound x@ is acceptable and is
about one or two orders of magnitude larger than k,. The upper bounds m",c" are sharper,
which are at most one order of magnitude larger than the corresponding exact condition numbers,
therefore they are good estimates of corresponding condition numbers. B

Example 5.4. This example is modified from [1]. We test how the ill-conditioning of C' and
small singular values gap affect the condition numbers and the accuracy of the solutions. Set
p=d=>5mn=10,q =20,k = 3,t = p+k = 8, and let @ be an arbitrary (n + d) x (n + d)
orthogonal matrix and (); be the submatrix of @) by taking its first p columns. Let Uy be an
arbitrary p X p orthogonal matrix, ¥y, z be unit column vectors of length ¢,n + d, respectively.

Set _ B B s
C = [C D] = Updiag([1,0.5,0.1,0.1, ' )QT, A=[A B]=AQ", with

A= (I; = 2yy")[% Ol(Inya —2227),
S = diag(10,8,1,1,1,1,1,1 - §/2,1 — 6,1 — 26,1/6,1/7,--- ,1/10)),

where ¢ is used to control the condition number of [C' D]. Note that AQ, is the last n +d—p
columns of AQ, and by the interlacing theorem of the singular values, the relation 1 = ¢;(AQ) >
O'j(gég) > apﬂ(ﬁ@), for j = k,k + 1 and therefore 0 < § < 5/12 can be used to control the
gap of the singular values o, 011 of g@g
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Comparisons of forward errors and upper bounds for the perturbed TLSE problem

a |IX3

Az
P [l

€nKn

€nky

[Az]o

[E3|S

€cm

€cm™ H%Hoo

€cC €.Cc?

0.1 4.2
1.6e5

12.0 2.2e-13
76.0 1.1le-11

2.1e-11
3.0e-9

7.7e-10
7.7e-7

2.6e-13
9.8e-12

3.8e-12
9.1e-10

1.2e-11 7.3e-13
1.7e-9 1.5e-10

6.9e-12 3.2e-11
2.1e-8  2.8e-8

0.3 4.2

2.4eb

12.0 1.2e-13
42.0 7.4e-12

2.1e-11
3.5e-9

7.5e-10
5.2e-7

1.7e-13
6.4e-12

4.0e-12
1.2e-9

1.4e-11 5.2e-13
3.0e-9 4.3e-11

7.2e-12 3.1e-11
6.4e-9 1.3e-8

0.5 5.6

5.3e4

12.0 1.8e-13
68.0 5.8e-12

4.7e-11
1.0e-9

8.2e-10
3.8e-7

2.3e-13
6.8e-12

1.2e-11
7.8e-10

3.3e-11 2.7e-11
1.6e-9 1.2e-9

2.0e-9 7.2e-9
1.0e-7 1.6e-7

0.7 3.0

1.3e7

11.0 1.2e-13
75.0 1.4e-10

2.2e-11
1.5e-8

7.1e-10
7.0e-6

1.4e-13
1.4e-10

4.8e-12
6.5e-9

1.6e-11 2.7e-13
1.1e-8 2.3e-8

8.4e-12 3.0e-11
1.1e-6 1.9e-6

0.9 2.3

5.2e8

11.0 4.0e-14
42.0

2.2e-11
1.0e-9 1.0e-7 2.7e-5

6.9e-10

5.8e-14

5.7e-12
1.3e-9 7.6e-8 2.1e-7 1.7e-9

1.9e-11 8.0e-14

7.9e-12 2.8e-11
5.4e-7 1.0e-6

Consider the same perturbation as in (5.4), for different k¢ and §, we compute the forward

errors and upper bounds via three types condition numbers in Table 5.3. It is observed that the
estimated upper bounds of the forward errors via e,ky, €.m, €.c are about one or two orders of

magnitude larger than the corresponding forward errors of the solutions, even the quantity p is
very large. For the compact upper bounds m", c* of condition numbers, m", c* are very sharp
in most cases, while k% is not robust against the ill-conditioning of C' and sometimes they are

three orders of magnitude larger than k, and five or six orders of magnitude larger than ”ﬁ;ﬁ!?
Table 5.3
Comparisons of forward error and upper bounds for the perturbed TLSE problem

o HXtH% P ||”Ax;1‘c‘|2|2 €nkn GnKﬁ ”HAQC:ﬁLOO €cm ecm* ||%||oo €cC €cc?
ko = 10!

0.1 2.1 2.4e3 2.1e-12 5.4e-10 3.9e-8 1.7e-12 3.4e-11 7.8e-11 3.2e-11 8.6e-10 2.1e-9
0.01 0.71 6.7e3 4.2e-12 2.0e-10 6.5e-8 4.9e-12 1.4e-10 1.5e-10 1.1e-8 1.9e-7 3.0e-7
0.001 0.9 1.6e5 1.1e-10 1.2e-8 2.4e-6 1.4e-10 3.1e-9 4.2¢-9 3.6e-10 1.1e-8 1.3e-8
ko = 10°

0.1 0.74 1.2e5 1.1e-10 1.5e-8 1.4e-6 1.2¢-10 1.1e-9 2.3e-9 6.5e-10 1.4e-8 4.5e-8
0.01 2.1 9.8e5 7.7Te-11 8.2e-9 8.7e-6 6.7e-11 6.3e-10 1.4e-9 4.7e-9 3.6e-8 9.5e-8
0.001 0.51 5.5e6 1.2e-10 2.7e-8 7.7e-5 1.5e-10 3.3e-9 5.3e-9 3.6e-9 9.9e-8 2.4e-7
ke = 10°

0.1 2.4 8.9e7 2.7e-8 9.7e-6 1.4e-3 3.4e-8 6.2e-7 1.2e-6 6.6e-7 2.7e-5 1.3e-4
0.01 4.8 6.1e8 1.2e-7 3.5e-5 1.2e-2 1l.le-7 1.2e-6 2.9e-6 2.2e-6 28e-5 6.7e-5
0.001 2.0 4.6e9 2.0e-8 1.le-5 6.5e-2 2.1e-8 2.5e-7 4.6e-7 4.6e-7 5.5e-6 1.8e-5

6. Conclusion. In this paper, we investigate the solution of multidimensional TLSE prob-
lem and prove that it is equivalent to the multidimensional weighted TLS solution in the limit
sense, with the aid of perturbation theory of invariant subspace. Based on this close relation,



MULTIDIMENSIONAL TLS WITH LINEAR EQUALITY CONSTRAINTS 27

various numerical algorithms for TLS can be developed for solving TLSE via the weighting
method. Moreover, the closed formula for the first order perturbation estimate of the mini-

mum Frobenius norm TLSE solution X; = —VquQ is derived. The expressions for normwise,
mixed and componentwise condition numbers of problem TLSE are also presented, as well as
their computable upper bounds. All expressions and upper bounds of these condition numbers
generalize those for the TLSE problem [25] and multidimensional TLS problem [30].

The effectiveness of the weighting method is shown to solve a color image deblurring and
denoising problem. Some numerical examples are also given to demonstrate the effectiveness in
estimating the forward errors. Tightness of upper bounds for mixed and componentwise condi-
tion numbers are shown in numerical examples, even for ill-conditioned problems, while it is not
necessarily tight for the upper bounds of the normwise condition number. Therefore in order to
derive good estimates of forward errors via normwise condition number, we recommend using
power scheme to compute the true value to avoid Kronecker product operations.

Acknowledgments. The authors are grateful to the handling editor and two anonymous
referees for their useful comments and suggestions, which greatly improved the original presen-
tation.
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