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Abstract

We investigate global strong solution to a 3-dimensional parabolic—hyperbolic system arising from the
Keller—Segel model. We establish the global well-posedness and asymptotic behavior in the energy func-
tional setting. Precisely speaking, if the initial difference between cell density and its mean is small in L2,
and the ratio of the initial gradient of the chemical concentration and the initial chemical concentration is
also small in H'! , then they remain to be small in L2 x H! for all time. Moreover, if the mean value of the
initial cell density is smaller than some constant, then the cell density approaches its initial mean and the
chemical concentration decays exponentially to zero as ¢ goes to infinity. The proof relies on an application
of Fourier analysis to a linearized parabolic—hyperbolic system and the smoothing effect of the cell density
and the damping effect of the chemical concentration.
© 2014 Elsevier Inc. All rights reserved.

MSC: 35Q92; 35B40; 35G55; 92C17
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1. Introduction

In this paper, we study the following three-dimensional (3D) chemotaxis model
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oou=Au~+V-wuVinv), (1.1)
0V =uv — uv '

where (7, x) € (0, 00) x R3, u(t, x) and v(¢, x) denote the cell density and the chemical concen-
tration respectively, and p is a constant. The initial data is

(1, v)(0, x) = (1o, vo) (x) (1.2)

for x € R3. System (1.1) was proposed by Othmer and Stevens [26] to describe the chemotactic
movement of particles where the chemicals are non-diffusible and can modify the local envi-
ronment for succeeding passages. For example, myxobacteria produce slime over which their
cohorts can move more readily and ants can follow trails left by predecessors [8]. One direct
application of (1.1) is to model haptotaxis where cells move towards an increasing concentration
of immobilized signals such as surface or matrix-bound adhesive molecules.

For the sake of simplicity, we set w = ut + Inv. Therefore we get from (1.1) that

(1.3)

oou=Au+V-wuVw),
{&w:u

where (¢, x) € (0, 00) x R3. (1.3) is supplemented with initial data (ug, wo)(x) = (ug, Invg) for

all x € R3.

It is worth mentioning that (1.3) was studied in [30] for the 1-dimensional case and was
extended to multidimensional cases in [20,21]. It was studied in [26] and a comprehensive qual-
itative and numerical analysis were provided. We refer readers to Refs. [3,5,6,8,10—13,18-20,
22-25,27,28,30-33] for more discussions in this direction. Recently, in [20], the local and global
existence of the classical solution to (1.3) in 3-dimension were studied when'

(o — @i, Vo) € H2T x H3™.
Here H* is the Bessel potential space
H :={feS®); |(1—-a))"f|,, <oo} (1.4)

Throughout this paper, we shall omit the space domain R? for the sake of simplicity such that
X (R?) is denoted by X for any given Banach space X. If the space dimension is not 3, then we
will indicate the space domain.

Later on, Hao [9] studied existence and uniqueness of global mild solutions for initial data
close to some constant state in critical Besov space with minimal regularity. The proof was in the
Chemin-Lerner space framework (see e.g. [3,7]).

The Cauchy problem of (1.3) is invariant under the following scaling transformations:

(u, w, up, wo) —> (U, Wi, Uy, Woyp),

where u; (t, x) = A2u(Z2t, Ax), wy(t,x) = w2, Ax), uoy(x) = Aug(ix) and wo; (x) =
wo(Ax). The idea of using an invariant functional setting was originated from many works (see

' i denotes the mean value of up and s = %-}- stands for s > % Similar conventions are applied.
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e.g. [2]). In this paper, we shall also employ the invariant argument. As a consequence, we ob-
serve that the critical Sobolev space for (u¢, wo) is H -3 x H 3 and the subcritical Sobolev space
is H=2+ x H2" which is also called the Riesz potential space

=[f eS®): |4°f] 2 <o) (15)

In the critical case, it seems difficult to prove the global existence of the solution to (1.3) with

(ug, wo) € H -3 x H 3 due to the invalidity of H 3 <> L°°. Thus a relatively smaller initial data
1 1 3

space: the hybrid Besov space Bz_f X (371 N 3271) was used in [9].

In the subcritical case, it is easy to check that the L? function (1 + |x|?)~! in 3-dimension

neither belongs to H™2 (R3) nor belongs to 32 i - Thus (1o, Vwo) € L? x H! cannot be treated
directly by applying the arguments for the critical case in [9]. Although we believe that the
Chemin-Lerner space framework can be modified to handle the subcritical case, we shall em-
ploy a new approach to study (1.3) for initial data (ug, Vwy) € L?>(R3) x H'(R3) since the
Fourier multiplier theory provides us with another option without using dyadic decompositions.
Meanwhile, by recalling the well known weak solution theory for the heat equation, we observe
that finding a unique solution

(u, Vw) € (C(10, 00); L*) N L*(0, 00; H')) x C([0, 00); H')

is also important. Following the similar arguments of [20], one can lower down the regular index
s of the initial data space H* x H*® for (ug, Vwg). However, L? x H' seems to be unreachable.
Therefore our first goal is to apply the Fourier analysis tools to prove the well-posedness of (1.3)
inL?>x H'.

Our next goal is to establish the well-posedness of (1.3) with initial value (1, Vwg) € H 2 %
H'. Precisely speaking, we will prove that the Cauchy problem (1.1)—(1.2) has a unique solution

(u — i, V((u — i)t +1Inv)) € C([0, 00); H?) x C([0, 00); H')

provided that (u#¢, V Invg) is close enough to the equilibrium state (u,0) in H 2 % H', where i
is defined in (1.6). From the system (1.3), it is natural to assume that the second derivatives of u
and w exist almost everywhere, although certain higher derivatives might not exist.

In the four-dimensional (4D) case, scaling argument suggests that L?*(R*) x H'(RY) is the
critical initial data space for (1o, Vwg). Therefore, an interesting problem is whether (1.3) has a
unique solution even locally in time for (g, Vwg) € L>(R*) x H'(RY).

We now define the mean value of u on R3 as

1
u= lim TBal uo(x)dx, (1.6)

where Br C R is a space ball centered at the origin with radius R > 0 and uq is the initial cell
density. Noticing that the mean value of u on R is a conserved quantity due to its conservative
nature, hence u is well defined. Let u = 1 for the sake of simplicity. By changing variables in
(1.1): p=u—uand h = (u —u)t +Inv, we get
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dp=Ap+Ah+V-(pVh),
8,h:p

where (7, x) € (0,00) x R3. It is easy to check that for any positive constant c, if (p,h) is a
solution to the above system, then (p,h + Inc) is also a solution. Equivalently, if (u, v) is a
solution to (1.1), then (u, cv) is also a solution. As a consequence, it is natural to choose V# as
an unknown function. Let A = v/—A, g =—Ah and G = A~V - (pVA~!g). Then we get

0p=Ap+ Aq — AG,
where (¢, x) € (0, 00) x R3. (1.7) is supplemented with initial data
(P, )(0,x) =(po,qo)(x), po=uo—u (1.8)

for x € R3, where po=uo—u and go = — A lnvy.

Our proof of the global well-posedness of (1.7) with initial data (pg, qo) € H* x H!
(k =10,2) is based on a combination of the Fourier transform and estimates of the eigenval-
ues of the corresponding characteristic matrix (see (3.1)—(3.13)). The different decay prop-
erties of the eigenvalues of the characteristic matrix enable us to take advantages of the
smoothing properties of the high frequency piece’ of p, i.e., p € L'(0, 00; H;/ 4) instead
of that of g since the high frequency piece of g does not have spatial smoothing effect
(see (1.12)). The use of L'(0, c0; H;/ 4) is the noval point of this paper. The main diffi-
culty is to estimate ||pVqll11( o0:r2), Which forces us to use frequency decomposition and
smoothing effects (see Lemma 3.2 below). Once [[pVqllp1 .12y being estimated, the de-
sired result follows from a standard fixed point argument. As for the decay property of v
in (1.1), we apply the limiting case of the Sobolev inequality in BM O (cf. [15]) to v =
ce@m1e=47'4 (o obtain both lower and upper bounds of its L°° norm which are stated in
(1.20)—(1.21).

To prove our main results in Theorems 1.1 and 1.2, we shall apply the Fourier multiplier theory
and the smoothing properties of the parabolic—hyperbolic coupled system (see (3.11)—(3.13)). In
particular, from (3.6), (3.11) and m (¢, &) for |§| > 2 in (M), we observe that for |§| > 4,

1(1+8)[E[? 2%
e 2 e THE A | 4 V3
ml(t, %-) = 25 — E(E+1)|§|2 with & = |1 — W S (7, 1) (19)
E+1 R R—

To explore the smoothing effect, we need to study the operator 8,"8"‘m1 (t, D) with symbol

(14 5)k+1 _ra+a)eR (—2)k+1 o
atksaml(tf):—w|5|2k§ae 2 +:,(Tl)k+1§a|§| 26 =z, (1.10)

/4

2 Definitions of the low, medium and high frequency pieces and H 1/7/ are given by (1.15) and (1.17), respectively.
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£Y =EMETES o= (1, 00,03) € N?, k e Nand |oe| = a1 + a2 + a3 < 2. Indeed, for any t > 0,
€] > 4 and pg € L2(R3), from (1.9)—(1.10) one gets

o

|8ka%m1(t, DYpo] ;2 < (C1(k) ™5 ~* + Cakre™) I poll 2. (1.11)

However, by following the similar arguments, for any ¢ > 0, |£| > 4 and gg € H'(R?), one can
only get from (3.6), (M) and (3.11) that

|9 mat, DYgo| i < C3(®)lIqoll g (1.12)

where no smoothing effect exists for spatial variable. For the low frequency piece, i.e. || < C

(C 1s some fixed positive constant), since m1 (¢, D) and m» (¢, D)(—A)_% behave similarly to
¢'® in the Sobolev space settings, we omit the detail smoothing argument. It is worth pointing
out that the linear part of (1.7) is also known as the weak dissipative structure, see for instance
[4,7,16] and the references therein.

Before stating our main results, let us define the partition of unit. Let us briefly explain how
it may be built in R3. Let S(R?) be the Schwarz class and (n, ¢, ¥) be three smooth radially
symmetric functions with range in [0, 1] such that

suppy C {€ e R%; |&] > 2%}, suppy C {& e R 1 < |g] <27}, (1.13)
suppn C {& eR%; |g] <2}, nE) +eE) +yE) =1, VEeR. (1.14)

For f € S’'(R?), we define the low, medium and high frequency operators as follows":

fl=nD)f, M=o f,  ff=vD)f DY D) =0  (1.15)

with n(§), ¢(£) and ¥ (§) being the symbols of n(D), ¢ (D) and ¢ (D), respectively.

Throughout this paper, F f and fstand for Fourier transform of f with respect to space
variables and F~! stands for the corresponding inverse Fourier transform. For any s > 0 and
any funcstion f, we shall define the fractional Riesz potential A® and Bessel potential (A)® :=
(1 —A)2 by

AFE =& FE) and (AP FE) = (&) FE) =(1+E)2 FE) (1.16)
respectively.

Reca}ll from (1.4)—(1.5) and the definitions of A and (A) that for any s > 0, it holds that
H® = HS N L?. For s € R, we define

Hy ={f e S'(R): Ifllgy =AY D)f| 2= | 4" "] 12 < o0} (1.17)

where Hfb itself is not a Banach space since by using (1.15) one can prove that for any g € S(R?)
satisfying suppg C {£§ e R3; |£] <2*} and f € H? . it holds that ”f”[_’]]/sf =|f+ g”Hvsf' Hence

3 fl=nyf=Fne )f(é )) and similar conventions are used in this paper.
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we need to introduce another Banach space Z such that Z N H;Z is a Banach space. We denote

C ([0, 00); X (R3)) the Banach space with norm || - || ooy, where we omit the space domain for
the sake of simplicity if there is no confusion. A < B represents A < C B for some positive
constant C which dependence on various parameters is clear. A ~ B iff A < B < A. For any
1 <p,r <oo0,wedenote L (0, c0) and L?((0, c0); L") by Lt'o and L,pL’, respectively.

We state our main results as follows.

Theorem 1.1. There exist C,eo > 0 so that if ||(po,qo)ll;2«g1 < €0, then Cauchy problem
(1.7)—(1.8) has a unique global solution (p, q) € C([0, 00); L% x C([0,00); H) satisfying

H (p’q)”L?oszL?OHl +[vp. VCI)”L3L2xL$L2 + “p“L}H;/“ = Ceo
forallt > 0.
Theorem 1.2. There exist constants C, ey > 0 so that if ||(po, qo) | g2« g1 < €0, then Cauchy

problem (1.7)~(1.8) has a unique global solution (p,q) € C([0, 00); H?) x C([0,00); HY).
Moreover, for any t > 0,

[ Dl o 2 cpgormr +s9pC1 + D2 [(Vp, V)| 22 + sup(l +0F [ 4% p] . < Ceo.
1> 1>

Recall that if (u, v) solves (1.1), then for any positive constant ¢, (u, cv) also solves (1.1).
Hence from the unique solution (p, q) of (1.7), we get a sequence of solutions (u, cv) such

that v = ce(ﬁ_“)’e_/‘_lq. From embedding theorems” H% s L12, H% «s L3« BMO ! and

Lemma 2.5 below, we get v = ce@=m1 =474 4nd

HA_ICZHLoo =C(1+ ”A_quBMO(I + max{0, In HA_ICIHW%‘z}))

<C(
< C(1+ llgllgaro-1 (14 max{0.n([ 4~ q | 1o + | 47%q]] .)})
<C(t+lgl 3 (1+max{0.Inllgl .y +llgl1)}))

1 1
< C(1+ Vgl 2.ligl 2 (1 +max{0, Inligl ;1 })). (1.18)
In Theorem 1.2, we choose &g such that Cep < 1. Then from (1.18), we obtain that
| 1 1 1
|47 e < C(1+1ValIZlIg112,) < C(1+1Vql12,). (1.19)
Applying (1.19) to v = ce@W1e=47'4  we get

1
l”U”LOO — U=t ”e—A‘IqHLOO < e(b_t—,u)tellA_lqllLoo < e([t—,u)tec(l-i-”anzz)’ (1.20)
C

1
- _ _ _ _ 2
C

4 We refer the readers to [29,14] to see the definitions of BM O and BMO~1aswellas L" — BMO~!.
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From Theorem 1.2 and (1.20)—(1.21), we have the following results on the asymptotic be-
havior of solutions. In particular, if the mean value of the initial cell density is smaller than a
constant i, then the cell density approaches to its initial mean and the chemical concentration
decays exponentially to zero as ¢ goes to infinity.

Corollary 1.3. If (up —u,Vinvy) € H 2(R3) x HY(R?) and there exists constant gy > 0 such
that || (uo—u, VInvg)| g2 g1 < €0, then Cauchy problem (1.1)—(1.2) has a global solution (u, v)
satisfying that for all t > 0

| —i.Vin U)HL;>°H2><L;>OH1 S €0,
(u — i1, VInv) € C([0, 00); H?) x C([0, 00); H')

and

sup(1+ 07 | (Vu, Alnv)|| 5,2 +sup(1 +0F | ATu,» S eo.
>0 >0

Moreover
lu— il <(L4+1)"7 ast — oo; || ~ @M a5t — oo, (1.22)
In particular, if u > u, then
| —it,v)| = (0,0)
ast — oo.

Plan of the paper: In Section 2 we prove several preliminaries lemmas, and in Section 3 we prove
Theorems 1.1 and 1.2 and Corollary 1.3.

2. Preliminary lemmas

In this section, we always assume that dimension n = 3. We now list several known lemmas
which will be used to prove the well-posedness of (1.7)—(1.8).

The first lemma is concerned with functions whose Fourier transforms are supported in low,
medium and high frequency areas, respectively. We note that the first two results in the first
lemma are the well-known Bernstein’s inequalities (cf. [17, Proposition 3.2, p. 24] and [1,
Lemma 2.1, p. 52]) and the last one is a direct consequence of the Sobolev embedding theo-
rem.

Lemma 2.1. If (s,a, b) € [0,00) x [1, oo]z, a <b and f(x) € L% then for any two positive
constants c| and cy, there exists positive constant ¢ such that

+n(-1

0 £ e, @.1)

(A5 f o < ekl fllze,  (2:2)

supp f C [ € R (g <o), A%, <6

I fllze =

C
|

supp f C {£ e RY; ¢1 < [£] < 2],

S
K€l
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supp f C {6 €R3; €1 =1}, I fllze < (A f]

ra = ILf llwsp, (2.3)

where k =1n 2—? and W*'P is the fractional Sobolev space.

Applying Lemma 2.1 for2=a <b <ocand s > 0to n(D)f and (D) f, we get

[n@)f]l o SN2 and [w D) f] o S [A°F] 2
From (2.1)—(2.2), we have the following lemma concerning the L? Fourier multiplier.

Lemma 2.2. Ifr € [1,00], v € L%, m(t,&) € L;Lg°5 and m(t, D)v = F~'m(t, £)V(£), then we
get

|m(, Dyv|

pr2 = lmlip e livli; (2.4)
ifr e[2,00], ve L? m(t, &) € LlrLgo and m(t, D)v = F~'m(t, £)0(§), then we get

|m (., D)v]

L;‘I_']x = sup (l%-'s Hm(v S)‘

3 )l (2.5)
EeR

Proof. The proof of (2.4) follows from the classical Fourier multiplier theory and for complete-
ness, we give the proof as follows

|m(, D)v|

L;Lz = ”m(ta )ij\()‘ LtrLg% = ” Hm(t9 )”LEO|L;’ ”i)\HLg_ = ”m”L;L?”U”LZ

In order to prove (2.5), we need to use Plancherel’s equality, Minkowski’s inequality, Holder’s
inequality and Plancherel’s equality again, i.e.,

|m(, D)v|

s = Im@ A1 P00 2 S [m@ 91 PO

< sup (|m(. &) - EF)ID1 2.
£cR3 t §

Hence we finish the proof. 0O

The skill we used in proving Lemma 2.2 will be used repeatedly in the rest of the paper.

Lemma 2.3. If |m(z, §)| < Cl(lj__g'z —i—e_“'é'z) and |n(t,€)| < cre~“" for some positive constants

candc,2<p<oo,1<r<p §ooand(u,v)eLt2L2xL§L2, then we get

5 r 00 r .. .
m = m(t, - dt and similar conventions are used.
Il 1y = 6 Wt
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t
[ e~ Dyuerar < Nl 2.6)
0 LPRF

t
/n(t — 1, D)u(t)dr < lullr 2 2.7)
0 Lfl L2

Proof. By applying the Plancherel equality, Lemma 2.2 with ||m(¢, -)|| Ly < c1e~“" and the inte-

—ct

grability of e~ ', we see that the proof of (2.7) is quite straightforward. Thus it suffices to prove
(2.6). Since 1 + % € [0, 2], by making use of the definition of the Fourier transformation and the
Fubini theorem, we get

t

t
2
/m(t—t, Dyu(r)drt = /m(t—r,§)|§|1+5ﬁ(r)dr
0 Lyate g L/L]
t
142~
S| m@—t.8)E rulryde
0 LFL}
t
LZL?

0 §

SN2 2~ 0 2z S el 20

where in the second, fourth and fifth inequalities we have used Minkowski, Young’s inequality,
Fubini’s theorem and Plancherel’s equality. Hence we finish the proof. O

The next lemma is about the Picard contraction argument (cf. [2]) which will be used to prove
the well-posedness of (1.7) with initial data (pg, go) = (x10, X20) € X10 X X20 = L? x H! or
H?>x H'.

Lemma 2.4. Let (X10 X X20, [| - lx,0 + Il  l1x59) and (X1 x X2, || - |x, + |l - llx,) be abstract
Banach product spaces. Let L1 : X190 X Xo0 — X1, L2 : X10 X X020 = X2, B1: X1 x X7 — X

and By : X1 X X7 — X be two linear and two bilinear operators such that if for any (x19, X20) €
X10 X X00, (x1,x2) € X1 X X, c>0andi=1,2,

IL: (x10, x20) Hxi <c(lIxiollxy + Ix20llx,) and || Bi(x1, x2) Hxi <cllxtllx, lx2ll x5,
. 1 .
then for any (x10, x20) € X10 X X20 with || (x10, X20) | X9 x X2 < Teer the following system

(x1,x2) = (L1(x10, x20), L2(x10, %20)) + (B1(x1, x2), B2 (x1, x2))

has a solution (x1, x2) in X1 x X3. In particular, the solution satisfying
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” (x]’x2)HX1xX2 = 4” (X105 X20) HX10><X20
is the only one such that || (x1, x2) || x,xx, < 4%.
The last lemma is the limiting case of the Sobolev inequality in BM O, see [15].

Lemma 2.5.Ifn =3 and s > zlt’ then there exists a constant C depending on s so that

I £l <C(1+ N fllamo (1 +max{0,In| £l ys12}))
forall f € W12 and || f || sz = (A £l 12
3. Proof of the main results
In this section, we shall use the Fourier analysis tools to study the well-posedness of (1.7)
with initial data in the Sobolev spaces. For the sake of simplicity, we also assume that n = 3
throughout this section.

3.1. Linearization of (1.7) and the corresponding integral equations

In this subsection, we first study the linearized system of (1.7) around (0, 0)

L0-(5 D0

Taking Fourier transform of (3.1) with respect to the space variable yields

d (5 _ AN _(—lEr |€|>
dr(a)_L(s)(zj) w1thL(§)_<_|s| o )

The characteristic polynomial of L(£) is X% + |€|>X + |€|*. According to the size of |&], we
have the following three subcases:

e If |£] > 2, then the characteristic polynomial possesses two distinct real roots: Ay =
2 2

E-(=1+8) and - = 5-(=1 = ) with & := /1 — 7. Since A4 # A, the matrix

L(§) is diagonalizable. After computing the associated eigenspaces, we find that

et)\._ + ef)\.+ et)\._ _ el‘)u,_ el)u+ _ elk_ ’q\o
~ Sop e e a0 3.2
(e e D (32)

. el‘k7 _ el)\.+ ’p\o el’)L7 + el’)\+ el‘)\.+ _ el‘)\., .
CI:#E+< 5 + 5 >CIO, (3.3)

where, for simplicity, we denote % and % by £21,,(¢) and 2 ;(&), respec-
tively. Moreover, if there is no confusion, we will denote £2; ;(§) and $2» ;(§) by £2;; and
§2 ;, respectively.
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o If |£]| < 2, then the characteristic polynomial has two distinct complex roots: A = — % —
()|g| and A_ = |‘§| + i —5- ()|g| with ® = /—1+ |%_|2 Noticing that A # A_, hence the

matrlx L&) is also dlagonahzable. After computing the associated eigenspaces, we get

e[}\_ + el}\+ e[}\,_ _ el}\,+ el}\.+ _ el}\._ ’q\o
P:( 2 + /0 )PO‘FTE, (3.4)
. el‘)\._ _ el‘)\.+ ﬁo el‘)»_ + el‘)».;. N et)u,. _ et)n_ . (3 5)
=76 E 2 20 )1 '

. .. th th_ th i
where, for simplicity, we denote £—-+¢"~ and £ +2lf) by 23, and £24,, respectively.

o If |£| =2, then L(§) is not diagonalizable. However, this case can be defined via limg|_, >+
and lim¢|_, - since the two limits exist and coincide.

We divide the analysis of the multipliers in (3.2)—(3.5) into the following five subcases:

. — ) E2
If |&£|] > 4, then we obtain that @ < E <1, A4 = —HLE, Ao = —%, §29; =
_ o 2. 1(14+8)[E 2
thq _pth— e THE (1—etEI7E th— 4 thg th— _thg e B
e 2Ee — (2.’5] ) and Ql,t _ QZ,t — —56 + e 256 — ¢ = _
IoES]

2t

e T+& . .
—<——— which gives
5( E+2 Dg|? g

1t 2
9, 2>, <2 2 43¢ ! and |§25, <e . 3.6
1210 — §22.4] < T+ EP 1§22, (3.6)
If 2 < | <4, then we have 0 < & < %2, &y = —12, Ao = —LH2EE 4ng ), =
oo _r<1+§>|s|2 -2
¢ ge =¢ 3 te T2 Applying 1 —e ! < |x| to £, and noticing that 4 <
|E|% < 16, it holds
121/ <e™’ and |2,] <16e” 2. (3.7)
If 1 < || < 2, then we obtain that 0 < @] < /3, o = — B £ QL o — el
_ g O &%t el _plh— 1 _ 1R sin O"f’;lt 1, _ 1R sin O‘Slz
e~ 2 cos —%— and ISI = 3o = 2¢ ° o =5e 2 O|§|2t t|&|. Applying
|sinx| < |x|, [cosx| <1 to £25; and §24;, we get
$2
||§|’| <de”i, |24, <8¢ 7 and |23, <e 1. (3.8)
2 2
If || < 1, then we can prove that v/3 < O|&| <2, Ax = —% :Fi@|§| ,
l£ 12 g g
<e ' 12,/ <4e” 1 and |23, <2 2. (3.9)

g =
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If |§] — 2, then we get limg|_,o+ & =limgo- @ =0, limjg 52 A4 = limg oA = =2
and
lim £2p,= lim 23, =e¢%, lim 2, = lim £24,=2te” . (3.10)
|E]—>2F &2~ &l —>2F |&|—>2~

For simplicity, we define the following two multipliers:

Ql,t - 92,1 if |§] > 2, Qz,r if [§] > 2,
mi(.8) =1 e =207 if|E|=2,  ma(t.E)={2ueH iflE]=2, (M)
Do~y iFIEI <2, Qs ifIEl<2.

Applying (3.6)—(3.10) to m(t,&) and m(t, &), we observe that m(¢, &) and m;(¢, &) are not
only radial but also continuous with respect to frequency variable &. Moreover, there exist con-
stants ¢ and ¢; such that if |&| > 24, then we get

mi(t, &)| < e <e—“'5'2 Lect ) and  |ma(t, 6)| < cre™; (3.11)

1+ (&2

if 1 < |€| <27, then we get

imi(1, )] + |ma(t,&)| < cre™; (3.12)
else if |£| < 2, then we get

|m2(t’§)| <Cle_Ct|'§|2'

3.13
[ 19

imi(t,&)| + |ma(t, &)| +

Integral equations. We rewrite (1.7) with initial data (pg, go) into the following equivalent
integral equations

t
p=mi(t, D)po -+ 2m(t, DYA ' qo — / mi(t — 7. D)AG (). (3.14)
0

t
q = —2my(t, D)A_lp() + (ml(t, D) +2m(t, D))qo — Z/mz(t —1,D)G(t)dt, (3.15)
0

where m (¢, D) and m, (¢, D) are symbols of m(z, &) and m»(t, §), respectively. From (3.14)
and (3.15), for any (pg, qo) € L? x H!, we define § such that

Fp.9)=F1(p,9).32(p,q)) = (“rh.s” of (3.14), “rh.s” of (3.15)), (3.16)

where “r.h.s.” stands for “right hand side”.
The proof of Theorem 1.2 is similar but simpler than that of Theorem 1.1, thus we prove
Theorem 1.1 first.
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3.2. Proof of Theorem 1.1

In this subsection, we first prove several a priori estimates including the crucial bilinear esti-
mates. We define the corresponding resolution spaces as follows

X x Y ={(p,q) € C(10,00); L?) x C([0,00); H") and || pllx + llglly <00} ~ (3.17)

where || pllx == pliLer2 + Pl 250 + ”p”UH% and [lglly := llgllzom + llgll 2 1-
tHy
In what follows, we prove several key estimates.

Proposition 3.1. Let (p, q) be a solution to (1.7) with (po, qo) € L? x H' and § and §, be
defined as in (3.16). Then there hold

130, D o2 2o S 102 a0 | 2 g1 + 1G22 + NGl 11 (3.18)
13, D 25112 S NP0 40 2 g1 H 1G22 +IG L1 (3.19)
[31(p. )], S | (Pos a0 | 2y pyr + NGl L1 g1 (3.20)

Proof. In order to prove (3.18)—(3.20), we have to establish several estimates whose proof will
be divided into three parts.

Part 1. Estimate of IIS(p,q)llL?oszL?oHl. At first, we derive the estimate for §,(p, ¢q).
Since any Lgo function m(&) is an H® (or H®) multiplier, we get from (3.11)—(3.13) that
mi(t, &), 238 € LRLE. Hence by applying (2.4) with (r,s) = (00,0) to mi(t, D)po +
2mo(t, D)A_lqo, we get

|m1(2, D)po +2ma(t, DYA™ qo| e 2 S IPoll 2 + lloll 2 3.21)

From (3.11)~(3.13) and (3.21), we get my (1, &) + 2ma(t, &), 5205 € 120120, Applying (2.4)

for (r, s) = (00, 1) to ma(t, D)A™! po + (my (¢, D) + 2ma(t, D))qo gives

| =2m2(t, DYA™ po + (m1(t, D) +2ma(t, D)) go|| o0 1
< [2ma . DYATHA) po| e 2 + || (m1(2, D) +2ma(t, D))go]| o0 1
Slpollzz + llgol g1 (3.22)

Now we deal with the third term in (3.14). Applying (3.11)—(3.13) and (2.7) with (r, p, s) =
(2,00,1)and m(t,&) =m(t,§) to G, we get

t

fml(t —1,D)AG(1)dT
0

t

/ml(t —1,D)G(r)dr

0

SIGH 2 (323)
L®H!

L2

It remains to control §,(p, g). By partition of unit, i.e., G = G!' + G™ 4+ G", and Lemma 2.1,
we get
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t

fmz(t —1,D)G(r)dr

0 L¥H!
t
= /mz(t —1,D)(A)G(1)dT
0 L°L?
t
< /(mz(t — 7, D)YA ) A{A)(G' + G™)dT + my(t — T, D)(A)G"d7
0 LL?
t t
< /mz(t — 7, D)A™HA)(G' + G™)dr + fmz(t—r, D)G"d+
0 Lt g LH!
=111+ 1.

Applying (3.11)—(3.13), (2.7) and Bernstein inequalities in Lemma 2.1 to /11 and /1>, we obtain
that

t
/m2(z — 7, D)A™H{A)(G' + G™)dx
0
= ()G + ") 22 STOMO + 9O 121Gl 212 SNG 220 (324)

t

I =

L®H!

I = fmz(t — 1, D){(A)G"d~
0 L®L?
= [A7HA DG g < 117 OV O Gl [y SNGUL g (329

where in (3.25) we used 0 < % <2.

Part II. Estimate of |$(p, CI)”L,ZHI KL2H1 In order to estimate §,(p,q), we get from
(3.11)—~(3.13) that |E|m (¢, &) 4+ 2my(t, &) € L%Lgo. Then by applying (2.5) with (r,s) = (2, 1)
to mi(t, D) po + 2ma(t, D) A" qg, we get

|12, DYpo +2ma(t, DY A o 12 31 S 1 poll2 + llgoll 2. (3.26)

From (3.11)—(3.13) and (3.21), we have |&|m (¢, &) € L;>°L§ and my (1, €) € LgOL,z. Then apply-
ing (2.5) with (r, s) = (2, 1) to m» (¢, D)A_lpo + (m(t, D) 4+ 2m»y(¢t, D))qo gives

| —2ma(t, DYA™" po+mi(z, D)go +2ma(t, D)qo| 2
Slipollz2 + ligoliz2 + 1Agollz2 < [[(Pos q0) | 12, 41 (3.27)

Next we will deal with the third term on the r.h.s. of (3.14). Applying (3.11)—(3.13) and (2.7)
withr=p=s=2and m(¢t,&§) =m(¢t,&) to G, we get
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t t

/ml(t—‘C,D)AG(‘C)d‘C /ml(t—r,D)G(t)dr
0 0

L?H! L?H?

Thus it remains to control §, (p, g). Following the similar arguments of (3.24)—(3.25), we get

t t

/mz(t —1,D)G(r)dT /mz(t —1,D)AG(1)dt

0 0

L?H! L?1?

SUGH 202 + [ G 11 SNG 202 +1G - (B:29)

Part III. Estimate of ||51(p, q)|l LT From maximal regularity results, (3.14) and (3.16),
1y
we observe that

I51(p. 9) HL

7 < |mit. Dypo| 7 +2|mat. DYA g0 5
}HJ,‘ L}ij‘ L}ij‘
t
+ fml(t—t)AG(r)dt ,
0 LIH}
= Iy + Inp + Ipa. (3.30)

As for Ip1, by applying (3.11)—(3.12) and Lemma 2.1 to I with |§]| > 24, we claim that

I = ”ml(t’D)p(’”ng%
i Hy

S e Py @By 2+ e W @181 E) ] Ly o1 Fol 2

S lpoll 2. (3.31)

In order to show (3.31), it suffices to estimate ||e_“|5|2 €] 1 W(S)ﬁOHL}Lg- In fact,

1

1 1
e 11y @o] 2 = f </ e 0'2d5> “
0

R3

+ / ( f e—m'%"z|s|%w<s>|ﬁo|2ds)idr
Ljg=24

=11 + D2
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Applying the Plancherel equality to I211, we have sup; cg3 e~ 2etlél? 1§ . V() < =% and

1 1 1
_ 2 7 —~ 2 _1 o~
b= [( [ e Rt veimiae) ars [ lani,s < il
0

0 R3

If |£] > 2% and ¢ > 1, we get e_ZC’|§|2|§|%1/,(§) < e—cte—C|$|2|é:|%1/,(é§-) < e~ and

oo 1 oo
et —clE g ] ~ 2 - ~
Im,sf( f e e |s|2w<5)|po|2ds) dtsfe “drpoll 2 S llpoll 2.

Ljg>2t !

Similarly, by applying (3.11)—(3.12) and Lemma 2.1 to I»;, we get

Iy = |ma(t, D)A™ qu Slem v ®] L rellgoll ;3 S ol (3.32)

3
HZ

‘$ N

. . . 7 _1 11 _u
It remains to estimate I3. Since m(t — 7,&)|€|2 S —1) 8, m(t —1,6)|E|% S(t—1)" %,
we get

t

/ml(t —1)AG(1)dt

0

t

_ /ml(t — 1)A% AY(D)G(v)dt

0

I =

LIH LlL?

AN

oot

5//min{(t—r)_%HAw(D)G(r)HLz, (t =) 7 | Y (D)G| - }drdt

t

0
5f/min{(t—r)—%, (t =) T} G| yudrdr
0

SIGH LA (3.33)

where in the fourth inequality we have applied (2.3) to ¥ (D)G with (s, a) = (1, 2).
Combining the above arguments, we finish the proof. O

Recalling G = A~!'V - (pV A1) and boundedness of the Riesz transforms in L?, we only
need to control ||V - (pVA_lq)HL}LZ = ||G||L,1H1'
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The following key lemma is devoted to estimating ||V p - vA~lg| L2 and ||pAqll; 1,2, where
t

V. (pVA_lq) =Vp-VA~lqg — pag. (3.34)

Lemma 3.2. Let X x Y be defined as in (3.17). Ifu € X and v € Y, then we get
00l g2+ IVl o Sl 2 02+l ol e (B39)
luvll 22 S el g2 gulloll oo g (3.36)

Proof. At first, we prove (3.35). Since uVv = (u' +u™)Vv 4 u" Vv, by Holder’s inequality, we
have

lavoll e < [ +a™) Vo] + [u" Vol 1y

5 ”ul + um ”LZZLOO ||VU||Lt2L2 + Huh ”LtlLoo ”VUHL?OL2

=131 + I3.
From (2.1) with |£| < 2° and the Sobolev embedding theorem, it is easy to prove that
B = [l 4™ 2l VOl 202 S 0™ [ 2 vl 2
S ™[ g vl 2 S el 2 0l 20 (3.37)

where in the fourth inequality, we used the fact that n(¢) + ¢(&§) is an Lz—multiplier. From (2.3)
with |£| > 2% and the Sobolev embedding theorem H 1o L, we get

h h
I3 = HM ”L}Loo“VU”L;X’LZ S ”” ”L}H7/4”v”L?°H1 N ||u||L}I-'11/7/4“v||L?OH1' (3.38)
Estimate of [|Vuv]||, 172 is rather simple. Indeed, by making use of Holder’s inequality, we get

IVuvll 1o S IVall 2ol e S lull g2 0l 2 (3.39)

Hence we prove (3.35).
It remains to prove (3.36). By making use of Holder’s inequality, we get

luvll 22 S lullp2pellvllpeors S lull g2 grllvll oo g (3.40)
Finally, combining (3.37)—(3.40), we prove all the desired results. O

Applying (3.35) and (3.36) to Vp - VA~lqg — pAg and A~V - (pVA~!g), respectively,
combining Proposition 3.1, Lemma 3.2 and (3.17), we have the following a priori estimates.



1328 C. Deng, T. Li/ J. Differential Equations 257 (2014) 1311-1332

Corollary 3.3. Let (p, q) be a solution to system (1.7) with initial data (po, qo) € L*> x H' and
§ be defined as in (3.16). Then there holds

13- D] x oy S 1P0.40) | 21 + [P |3y

Proof of Theorem 1.1. Applying Lemma 2.4, Corollary 3.3 and following a standard fixed point
argument, we prove Theorem 1.1 when |[(po, qo)|l ;24 g1 1s small. O

3.3. Proof of Theorem 1.2
In this subsection, we first prove the a priori estimates including the crucial bilinear estimates.

Proposition 3.4. Let (p, q) be a solution to system (1.7) with initial data (po, qo) € H> x H!
and § be defined as in (3.16). Then there holds

”S(p’Q)HLtOOHZXL?OHI 5 ” (pO’QO)”HZXHI + ||p||Lt°°H2||Q||L;>°H1 (341)

Proof. We first derive the estimate for §,(p,q) as defined in (3.14)—(3.16). By apply-
ing m(t, ), m2|§;|’5> e LOL®, @"gil@) € LY and (2.4) for (r,5) = (00,0) to m;(t, D)po +
2ma(t, D) A" qo, we get

40

ma(t, &) (€)?
€] L}

S Ipoll 2 + llgoll a1 (3.42)

|mi(t, D)po + 2ma(t, DYA™ o] 12 S [mac2. s><s>%ﬁo|}Lg + H

Similarly, using m | (, €) +2mo» (¢, £), <f>"@|<f’f) € L L and applying (2.4) with (r, s) = (00, 1)

to ma(t, D)A™" po + (m(t, D) + 2my(t, D))qo, we get

|2ma(t. DYA™ po — (m1 (1, D) + 2ma(t, D))qo]| e 1 S IPoll 2 + llgoll 1. (343)

Next we deal with the third term on the r.h.s. of (3.14). Applying (3.11)—(3.13) and (2.7) with
(r,p,s)=(2,00,1)and m(t,&) =m (¢, &) to G, we get

t

fml(t —1,D)G(r)dt

0

< < < 00 00
S NGl pe-1 5 IIGIIL?OL% SIPlzen2liglipeoyr  (3.44)

L®H!
and

t
/ml(t —1,D)AG(1)dt
0

]
fml(t —1,D)G(r)dr
0
N ||VP||L;>OL6||Q||L§>°L3 + ||P||L?°L°°||VQ||L§>°L2

S NGl oot
L®H3

L®H?

Sl lglpee g (3.45)



C. Deng, T. Li/ J. Differential Equations 257 (2014) 1311-1332 1329

It remains to control §, (p, g). By following the similar argument as in (3.24) and (3.25), we get

t

/ ma(t =7, D)AT(A)(G' + G")dr SIGl -1 SIGH 3. (3:46)
0 L& H! '
t
/mz(t —1,D)(A)G"dr S 1G oo (3.47)
0 L®L?

—ct

where we have used the damping property of G, i.e., ¥ (€)ma(t,&) < e
Combining the above arguments, we finish the proof. O

The following proposition is used to prove decay estimates of solutions to (1.1).

Proposition 3.5. Let (p, q) be a solution to system (1.7) with initial data (po, qo) € H> x H!
and § be defined as in (3.16). Then for any t > 0, there holds

A+ [VEP. D 2 + A+ 05| A3F1(p, )] 2

S 20,00 s+ sup(C +02 (V2. V) | 12, 12)° +sup((1 +08 | a1p| )%
> >

Proof. Noticing that m (¢, &)|&| +ma(t, &) S e—ctlEl” |€] + e~ ¢, then we have
|12, D) Apo +2m2(t, D)go|| 12 S |mr (. )IE 1o 12 + [ mat. )0 ] .2
_1
SA+072(llpoll g1 + llgoll 1)

7
and ||m (¢, D)Aéztpo + 2my(t, D)A%qolle S48 poll g2 + llgoll 1) for all # > 0.
Similarly, for all > 0, we have

|2ma(t, D) po — (m1(t, DYA +2ma(t, DY A)qol ;> S (1 + 072 (Ilpoll g + llgoll ).

To control the third term on the r.h.s. of (3.14), by using m (¢, £)|&] < e—ctlEl |€| 4+ e, chain
rule, Plancherel identity and Sobolev embedding, for any ¢ > 0, we get

t

/ml(t —1,D)AG(1)dt
0

L2
t

_1 _5 5
S| e—0) 204+ ddrsup(L+0)*(IVplzsliglizs + IVl 2liplie)
>0
0

SA+0"2sup((1+ D) AT p|| o+ A+ D)7 [ AT p] )1 +1)2 Vgl 2.

>0
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Similarly, for all # > 0, we have

t
/ml(t — 7. D)AIVG(7)dT
0

L2

t
_1 _3 5
Sle—o 80+ ddrsupd + D)3 (IVplislglize + 1Val2lpllize)
0

>0

_1 3 3 7 7 1
SU+078sup((L+ 1) |A2p| .+ L+ D)3 A% p| L)1 +1)2[ Va2,

>0

t
fmz(t —1,D)VGdr
0

L2

>0

t
_1 _5 5
Sf(t—r) 2(1+ 1) *drsup(1 + )3 (IVplsliglize + IVl 2l plie)
0

_1 3 3 7 7 1
S+ 2sup((1+ )3 A2p|| o + A+ 17| AT p|| L) A+ D)2 Vgl 2.

>0

2 1
Combining the above arguments and ||A% plli2 S ||A%p ||z2 I Vp||zz, we finish the proof. O
Proof of Theorem 1.2. Applying LLemma 2.4, Propositions 3.4 and 3.5, following standard fixed

point argument, we prove Theorem 1.2 when |[(po, go) ||;25 g1 1s small. O
3.4. Proof of Corollary 1.3

Proof of Corollary 1.3. Applying Lemma 2.4 and Corollary 3.3 to system (1.1), we prove the
existence results of Corollary 1.3. As for the decay property of v, one can use (1.20)—(1.21).
Hence we omit the details. O
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