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Abstract

We study the Cauchy problem of the two-dimensional Poisson—Nernst—Planck
(PNP) system in Besov spaces B; 327 for r > 2. Our work shows a dichotomy
of well-posedness and ill-posedness depending only on r. Specifically, when
r = 2, combining the key bilinear estimates in L2/~1/24N L3 ~"* with the
heat semigroup characterization of Besov spaces, we prove the well-posedness
of the PNP in B, 322 while for r > 2 we show that the PNP is ill-posed
in B4_ 3/27 in the sense that the difference of the charges must satisfy certain
requirements, i.e. either the difference belongs to B, 27 for r > 2 and the

5—3/2.2 5—3/2,2

summation belongs to B, , or the difference belongs to B, and the

summation belongs to B, %" for r > 2. Thus our results indicate that the
difference of charges plays a crucial role and might provide some instability
criterion for numerical analysis.

Mathematics Subject Classification: 35K45, 42B37

1. Introduction

In this article, we study the following two-dimensional (2D) normalized Poisson—Nernst—
Planck (PNP) system

1
hv=Av—V- (w—Vv) ,

A
| (H
ow=Aw—V- <v—Vv>

A
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with (t,x) € (0,00) x R?, 1 being the Fourier multiplier of symbol %&Il’ ie.

F (_Ils‘zj’:u(é)), and initial data (v, wo).

It is clear that system (1) is derived from

n, =V -(Vn —nVeg),

pr=V-(Vp +pVe), @)

Ap=n—p
by setting v =n — p and w = n + p. Systems (1) and (2) appear in the context as the Nernst—
Plank equation in astronomy in [2]. It is called the Van Roosbroeck system in semiconductor
devices in [30], and the Debye—Hiickel system modelling the diffusion of ions in an electrolyte
in [6]. It is worth mentioning that the Keller—Segel system modelling two species [33] is
similar to (1). For other related works, we refer readers to [1, 3,7, 10, 17, 19-21,26-29, 32]
and the references therein.

Besides the abundant numerical results, mathematical analysis for the PNP system has
been studied by many authors. In 1970s, Mock [22, 23] proved the solvability of the steady-
state problems, the global existence and uniqueness result and exponential decay for the
instationary problem. More general global existence and uniqueness results were proved
by Gajewski [13], Gajewski and Groger [14] by maximum principle, compactness arguments
and iteration technique.

Formally, if we let v = w, then the PNP system (1) is reduced to

1 —
Al =

1
v, =V. (VU—UZvU>, 3)

which nonlinear term is similar to the elliptic—parabolic Keller—Segel system, see for
instance [15].
As we know the critical function spaces for initial data should be invariant under

(Vo (x), wo(x)) = (Avo(rx), Mwo(Ax)). )

Particularly, in the 2D case (n = 2), we get the following invariant spaces

1 202 B3t 524500 2. p-2.00
H < B" B,*" < B, <> BMO " B_~*for4 <q <oo,r > 2.

Recently, Ogawa and Shimizu [24, 25] studied the well-posedness for the system (1) in
Hardy space ' (R?) and the well-posedness for the system (3) in Besov space B?’Z(Rz). Zhao
et al [34] proved the global well-posedness of (1) in B;*’(R”) forn >2,1<r <o0o,s5 > —%
and ¢ = 5. Iwabuchi [16] proved the global well-posedness of the Keller-Segel system in
B;’OO(R”) forn > 1,1 <g <ococands = -2 +$ > —2. Deng and Liu [8] proved the
global well-posedness for the general diffusion system. In particular, when s = 1, the general
diffusion system is similar to the Keller—Segel system (3), and it is well-posed in BM O =2 since

1V =V 1V®1V 1V 1V 1V 4)
vAv— AU Av > AvAv.

The previous works for equations (1)—(3) and (5) suggest that

e s = —2 is the optimal regular index for the Keller—Segel system (3);

s = —3 seems to be the optimal regular index for the PNP system (1).
The main purpose of this paper is to give an affirmative answer to the optimality of s = —%
for the 2D PNP system. Precisely,
e for any —% < 5 < 0, the system (1) is globally well-posed in B;’OO(RZ) forg = ﬁ see

for instance [34];
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e fors = —%, we prove that the system (1) is well-posed in B4_ 3 2’Z(IRz) and ill-posed in

B, (R?) forr > 2;

o for -2 < s < —%, it is believed that the system (1) is ill-posed even in B;’I(Rz) for

-2
9=753"

According to our proof of well-posedness (theorem 1.3), to establish a complete dichotomy
of well-posedness and ill-posedness in B4_ 3 2’r(JRz) depending on 1 < r < oo, it suffices to
prove well-posedness for system (1) in B; 3 2’I(RZ). However, it seems rather difficult to
achieve this goal. Meanwhile, it also seems difficult to apply our proof of the well-posedness

of the higher dimensional cases n > 3. Therefore, it should be an interesting problem to prove
.3y .
the well-posedness of the PNP system in B,,*" (R") for 1 < r < 2 and ill-posedness of the

PNP system in Bz_n%’r forr >2andn > 2.

To explore the difference of s = —% and s = —2, we first study the differences of
systems (1) and (3). It is easy to check that the bilinear term U%Vv in (1) and (3) satisfies
identity (5). However, w%Vv does not satisfies (5). This shows that the PNP system and
the Keller—Segel system have essentially different structures. It is worth mentioning that our
results (see theorems 1.4 and 1.5) show that only v (i.e. the difference of the charges) produces
ill-posedness.

Since the proof is formulated by a dyadic decomposition, let us briefly explain how it may
be built in R?, see for instance, [31]. Let ¢(£) = ¢(]£]) be a smooth function valued in [0, 1]
such that
suppy C {s € R % < €l < 2} and Y e@E) =1, £#0. (6)

JEZL
For any tempered distribution f € S'(R?), we define the homogeneous dyadic block and
partial summation operator as follows

Af@) =F N e@TOFEN®.  Sif() =) Aif(x) forall j €Z. ©)
i<j—1
The Littlewood—Paley decomposition satisfies the quasi-orthogonal properties:

NAF=0 ifli—j122 AjSiifAg=0 ifli—jl>5  ®
Using Bony’s decomposition, one can split the product of two functions as follows:

fe=Trg+ T f +R(f. 8), ©)
where Tpg = > S; 1fA;g, Tof =) Sj1gA;fand R(f.8) =3 ; Y1 1 AjefAg.

J J
In order to exclude nonzero polynomials, it is natural to use Z'(R?) to denote the subset

of tempered distributions f € S'(R?) modulo all polynomials set P(R?), i.e. Z'(R?) =
S"(R?)/ P (R?).

Next we list the definitions of Besov space/Triebel-Lizorkin space (see [31]) and fractional
Sobolev spaces W*4 (R?).
Definition 1.1. For (s.q.r) € R x (1,00) x [1,00], we define By"(R?), Fi"(R?) and
W*4(R?) to be the set of distributions f in S, (R?) satisfying

I gy ey = 27 1A fllLage)}jezlle < oo, (10)
I e ey = N2 A fljealler o) < o0, Y
1 Ima ey = I(=A)2 fllLagey < o0, (12)

respectively.
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Applying the classical multiplier theorem, for any 1 < ¢ < oo one can prove that
FPA®) =WH®RY)  and  FPRY) = BYRY) = W RY. (13)

Definition 1.2. For (s, 0, ¢, T) € R x[1, 0o]? x (0, 00), we denote LEIW* to be the set of
functions f such that

I zgyima = I(=A)2 fll 210 <oo. (14)

Notations. We define several notations which will be used throughout this paper:

e we shall use C and c to denote universal constants which may change from line to line
and we denote A < CBby A < Band A S B<S Aby A~ B;
e Ff and fstand for Fourier transform of f with respect to space variable, while F~!
stands for the inverse Fourier transform;
eletA:=+/—Aand V! = —%V;
e forany 1 < ¢ < oo, we denote L2(0, T), Le(T;, T») and L°(0, co) by L%, L[QTI,TZJ and
L?, respectively;
e we also use B;*’, Ft‘;*’ and WW* to denote B(‘;”(Rz), F;”(Rz) and W4 (IR?) if there is no
confusion about the domain, and similar conventions are applied;
o Xy, 11 =Ly p VALY o W Xp = LW 0 L2W 34 and X =
LYV-14 0 LYy—14,
Now we are ready to state our main results.
Theorem 1.3. For any initial data (vy, wy) € 3;3/2’2 X 3;3/2’2
T = T (vo, wo) such that

, there exists positive

A A
||e’ U0||L4TW71,4QL2TW—1/2A4 + ||e’ wO”L‘;W*L“ﬁLZTW*'/Z~4

is small and system (1) has a unique local solution (v, w) satisfying

5—3/2.2

v, we C([0, T]; B,”* )N LyW 4 nLiw=124, (15)

Furthermore, if ||v0||B4—3/z,2 + ||w0||B;3/2.2 is suitably small, then system (1) has a unique global
solution satisfying

v, w € C([0, 00); B, *?) N L2W124 0 Lhy~14, (16)
Remark 1. Assumption of (v, wy) € 323/2’2 X 3;3/2’2
[18, theorem 5.4], isomorphism and |le’® f||

is a natural consequence of

b~ I g
The next results are the ill-posedness of the system (1) in Besov spaces.

Theorem 1.4. For anzy 8 >0 and r > 2, there exists a solution (v, w) to system (1) with initial
r
X

data (vy, wy) € B;S/ ' 3473/2,2 satisfying

lvoll 3, <6 and lwoll 3, <6
B, * 4 "
such that for some 0 < T < §,
(I3, 2 but lw(DI. 3, S6.

1
~ s 3 ~J
B, 8 B, ?
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Theorem 1.5. For any § >0 and r > 2, there exists a solution (v, w) to system (1) with initial
d LN
ata (vg, wo) € B, x B, satisfying
lvoll -3, S8 and lwoll -3, S8
B,? B,?

such that for some 0 < T <6,

1
oI 3. 2 < but w3, <.
B, > 1) B,?

Remark 2. From theorems 1.4 and 1.5, it is clear that v is of great importance in the study
of ill-posedness. There are several explanations. On the one hand, the nonlinear term of w is
U%VU satisfying (5) and hence is better than w%Vu; on the other hand, from (2) we see that
v = n — p is naturally related to the potential ¢ and the bilinear force terms.

This paper is organized as follows. In section 2, we establish the key bilinear estimates; in
section 3, we prove the well-posedness; in section 4, we first construct a very special initial
data and prove some necessary estimates about the first and second approximation terms which
will be used in controlling the remainder term. Finally, combining all the a priori estimates
we prove the ill-posedness.

2. Endpoint bilinear estimates

In this section, we will prove well-posedness of system (1). As usual, we rewrite system (1)
into the equivalent integral equations:

t
v = e’Av0+/ e"IAY . (wV ) dr, (17)
0

t
w = e"“wy +/ e VAV . vV ) dr, (18)
0
n 12 .. . . .
where e'®vy = (27¢)"2e” 4 % vg(-) and similar convention is applied for e’ wy.
For simplicity, later on we denote

t
B(w,v) = / e’ DAV . (wVv~ly)dr. (19)
0

2.1. Preliminary lemmas

In what follows, we will use the well-known vector-valued maximal inequality proved in [11].

Lemma 2.1. Let (1, q) € (1, 00] x (1, 00) orr = q = 00. Suppose that { f}} jez is a sequence
of functions in L with property that ||{ f;};lle € L9. Then

H{ij]j Loer = H[lfj|}j Leer’
with BR(x) ={y € R"; |x —y| < R} and
(Mf)(x) = SUP; |f()ldy. (20)

k>0 |BROX)| J B

Applying lemma 2.1 and following the similar argument as in [5, estimates for / and /1,
pp 660-1], we have the following lemma.
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Lemma 2.2. For any two functions f and g, recall that Trg = ZjeZ Si—1fAj;g. Then for
any (s, 0,4, q1,q2) € R x [0, 00) x (1, 00)3 andi = q_11 + qiz, we have

1Trglhisa S IF Ip-oa 1€l -

Proof. By successive applications of (13), (11), (8)—(9), lemma 2.1 and Holder’s inequality,

we have
1
2) 2

1T¢8llyims < (Zzz”‘

JEZ

Aj(ZS»/lfAjrg>
J

La

1
2
< (Z > 22“"|M(S_,-/_1fAjfg)|2>
JEL 1j—J'I<4 La
%
(2 2 s aer)
JEZ 1j—j'I<4 La

. .

< 2 1sp-n)

{2(s+a)1, | Aj’g| }

La1 g La2g2

where [[{2777|Sj -1 f 1}y ll e~ S I o2 U

The next lemma is about the maximal regularity for the following heat equation whose
proof is rather simple via energy method.

—Au=A

{ Uy u f, 2
ul;—o = 0.

We refer readers to [18, chapter 7] to see the general L LY regularity theorem.

Lemma 23. Let T > 0 and n = 2. For any function f € LITV'VL2 + L%L2 with norm
frr}inf IV fillyre + 11 f2ll g2 12, we define A : f(x, 1) = fot e""DAAf(x, 1) dr. Then there
=ht)2

exists a positive constant C depending only on dimension n such that

IASf -2 + IASf 22 < CUF Nz 2ertyine.

Proof. The above result is not new but for reader’s convenience, we give a short proof. By
classical energy method and (21): Au = —Af and uy = 0, we observe that for0 < ¢ < T,

||Af”L2TL2 < C||VM||L§L2’ ||v4f||L;°Wfl~2 < Cllulipgee

and

1 . _
SN @I5 +1Vulll o < Cmin{lATV - Vully o, 1Afulzy 00}

1
2 2 2
< C||f||L2TL2+L%-W]*2 + Z(||Vu||L2TL2 + ”u”]‘?‘?[‘z)v

which gives the desired estimate. ]
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2.2. Bilinear estimates
Next we prove the following key bilinear estimates.

Lemma 2.4. Recall that Xr = L‘}V\/_l’4 N LzTW_%*“. Let B(v, w) be defined as in (19),
T > 0andn = 2. Then we have
| B(w, v)IILmBg,z + |1 B(w, v)lIx, S lwlx, llvlix,.
T

4

. .32 . . . . .
Proof. From W1 < B, >, W12 <5 W4 and L2 < W24, it suffices to estimate
| B(w, )|l L3p-12n22 2. Using Bony’s decomposition in (9), we get

wV v =T,V v+ Ty-1,w + R(w, V’lv).

Let f =A""(wV~'v). We get Af = B(w, v). Splitting f into f; = A~'R(w, V~'v) and
= .A’I(TwV’lv + Ty-1,w), then applying lemma 2.3 and the simple fact L‘}W’%’z =
[LFW"2, L7L*] 1) to B(w, v), we have

| B(w, v)IIL%cB;g,z +[|B(w, v)| 1B(w, V)l L2yp-12n12 12

430)—1,4 2 iy A4 5
Lyw=henNLzw 2

—1 —1
SR, V)12 + 170V " 0+ Toorwll 35i12-

From definition of R(w, V~'v) in (9), Cauchy—Schwarz inequality, lemma 2.1, (13) and
definition 1.1, we have

IR, V')l S | 127H 18wl 2012818, 9 7 vl) e

LLr?
s Jre-tiamn;| L e @)
T T
_ I _
< e tiamn] e tam],, L,

Sl ol

where in the second inequality we used
A VTS Y 1AV A S 27 M(A ) ().
i=—1,0,1

By applying lemma 2.2 to 7, V~'v with (s, 0, ¢, g1, ¢2) = (—1,1,2,4,4) and to Ty-1,w
with (s, 0, ¢, 91, q2) = (—1,0,2,4,4), we get

—1 —1
1TV 0l 12 S Nl sV 0l e S MWl gyisalloll e,
-1
ITg- 10wl S IV ol e lwllgayi e S H0llyprslwl e,

Combining the above estimates we obtain the desired results. U

3. Analysis of well-posedness

Before giving the proof, we recall the well-known Picard contraction principle, see for
instance, [18, theorem 13.2, pp 124].

Lemma 3.1. Let (X x X, || -|lx+ ]| - llx) be an abstract Banach product space, and
B : X x X — X be a bilinear operator such that for any (v,w) € X x X, there exist
positive constant ¢ and if

[Bw, v)[lx + B, v)llx < cvlxlwly+[vixivie,
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then for any (vo, wo) satisfying ||(e"®vo, €' 2 wo) || xxx < 1/4c, the following system
(v, w) = (e"vg, e wo) + (B(w, v), B(v, v))
has a solution (v, w) in X x X. In particular, the solution is such that

I, w)lxxa < 201" vo, e wo) llxxx
and is the only one such that ||(v, w)|lxxx < 1/2c.
Recall that X7 = LAW-4NL2W~ 24 and X, = LYV14N L2 ~24. Now we divide
the proof of theorem 1.3 into two parts: local and global well-posedness.

Proof of theorem 1.3. At first, applying lemmas 2.4 and 3.1, we prove that there exist
T > 0 and a unique solution (v, w) € B(0,24¢) C X7 x X7 to system (1) if Ag :=
”(etAvO’elAwO)”XTXXT < 1/46'

Indeed, for any given initial vy € Bf/ 2.2

, from [18, theorem 5.3, pp 44] we get

A
e vollx. ~ llvoll 5322 < oo.

Therefore, as the length of [0, T] C [0, 0o) tends to zero, |e"®vy] x, is surely smaller than
1/4c. A similar argument is applied for wy. Thus the existence, uniqueness and continuity of
the solution map follow from standard fixed point and dense arguments. Hence we omit the
details.

Note that the bilinear estimates in lemma 2.4 can be extended to T = oo. However, in
this case, [|[e"®vy||x,, and |le’®wy | x., are not necessarily small. Hence the smallness condition
is needed for global well-posedness. The remaining part of the proof follows by applying a
standard argument, see for instance [12]. O

4. Analysis of ill-posedness

In this section, we prove the ‘norm inflation’ of system (1) in* B; 3/2r (T?) with r > 2 since

following [9] we can also prove the whole space domain case. We rewrite the solution to the
system (1) as a summation of the first approximation, second approximation and remainder:

v=uv+v+Yy, w=w;+wy+z, (22)
where
v =e®vy, va= B(wy, vy), w; =e®wy and w, = B(vy, vy). (23)
Moreover, the remainder terms satisfy the following integral equations:

y=V2+V1+V0, Z=W2+W1+W0, (24)

on (0, co) with the initial conditions (y(0), z(0)) = (0, 0),

Vo = B(z, y),

Vi = B(z, v +v2) + B(w; + wy, y), (25)

Vo = B(wy, v2) + B(ws, v; +v2),
and

W= B(y, ),

Wi= B(y,v1 +v2) + B(v1 + 12, y), (26)

Wo= B(vi, v2) + B(va, v1 + v2).

In the remaining part of this section, we will present the special construction of initial data
and give some preliminary estimates for vy, wg, vi, w;, w, and for v,. Then by establishing
the upper bounds of y and z, we complete the proof of theorem 1.4. At last, following a similar
argument, we sketch the proof of theorem 1.5.

5—3/2,r

. . . . -3/2,
4 From now on, we omit the notation of domain, for instance, we denote B, / "

(T?) by B,
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4.1. Construction of the initial data and the related estimates

For large enough p and Q (will be specified later), we define the initial data as follows:

LA L
w0 = 2 S ki costhr),  wpl) = 755 L costha @7)
\/ﬁ s=1 s=1
where x € T2, k, = 2M , hy = 1 + k; and my is a large number depending on §.

According to the choice of k;, we observe that vy and w, themselves can be regarded
as summations of the corresponding Littlewood—Paley decompositions. Moreover, in each
dyadic annulus, there exists at most one k;. Therefore, for any 0 € Rand 1 < r < oo, we can
equivalently define

lvoll g = [ H[ Heosttaluan )| . 28)
0
lwoll gor = + | cos(hy x2)||L4(1r2> . (29)
4 [ =11ler
Similarly,
0 o+ P
ol = [ 1eosthsan} [ ] (30)
2
pollg = =] | {1 costrent]” [ ], .. (3D
Next we will estimate vy, wo, "2 vy and e'2wy.
Lemma 4.1. Let r > 2 and (vg, wg) be given in (27). Then we get
1 _1
||v0||Bfg,, +[le"? volleg, S 0pr 3, ||w0||Bfg,z + ||€mw0||37%_z S0 (32)
4 4 4 4

Proof. From (28)—(29) and h? ~ k2, we get

lvoll 3. < Qo7 lwoll 3. S Q2. (33)

B, B,

Following direct calculation, it is easy to get

= —ZW ks cos(ksx2), e Pwg = b cos(hgxy).

i Mm

Noting that e~ < e~k < 1, similar to (33), we can prove the desired estimates for e’* v
and e wy. O

From the above lemma we observe that for any given § > 0 and r > 2, there exist
sufficiently large p and Q such that ||v0||3_%,, < 4§ and ||w0||B_%2 <3.
4

4

Lemma 4.2. Forany T € (0, oo] and let (vy, wo) be given in (27), then we have

A o . 1oL 1
e’ UO“L;W*LML;W*%A S ﬁmln{T4|kp|~ + T2k, ﬁ}, (34)

l 1 1 1
A . 1 1 1
e’ wo||L;_W,],4mL%W7%.4 < Emln {T4|kp|2 + T2k, \/ﬁ} (35)
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Proof. We first estimate the [le’®vp|| LAW-14(T2)- Similar to (30), by using the Minkowski
inequality we have

A A
lle S voll Layp-1e ~ lle"Cvoll 4 o1

Zk e % cos (kyxo)| )

LA(T2) Il L4

SYEGe o

s=1

s 7 lIC
s 1k,

P
Noting that 1 — e=7% <min{T2, 1} and ) TkZ~ Tk, then (36) is bounded by

(36) < % min {T%kg, ﬁ}. (37)

Next we estimate the ||e’® v, ||L2 Yot Similar to (36) and (37), we have

t _L 2 % Q . 1
e voll s 10 S —= (Z(l ") S Jomin(Tiky. vB) - (8)

Combining (37) and (38), we obtain the desired estimates for e’ v,. The estimate for e'*wyq
follows in the similar way. Thus we finish the proof. O

Recalling the bilinear estimate for B(w, v) in lemma 2.2 and definitions of y in (24), it is
natural to hope that nonlinear terms in y can be well controlled. Therefore, we need to analyse
how y evolve in different time scales and see their contributions by using the time-step-division
method introduced by Bourgain—Pavlovi¢ in [4] to prove norm inflation of v. Let

kP=Ty<Ti<Th < <Tg=k>, (39)
where B = Q3,Ta=kp_f,po,=p—aQ‘3panda=0,1,2,...,/3.

To prove the a priori estimates, we recall that X, ) = L2, , W24 N LE , W14,

Lemma 4.3. Suppose that p and Q are large enough numbers. Then we have

A 1 Q A _2 1
e vollxg ) S O 4 ==, e wollxgr, S O+ —— (40)

NG oo

Proof. It suffices to estimate e’®vy. Similar to (36), we have

a2
[(X e klicostkemn ) |

s=1 [Ter Tyy11

l—

S

e voll s, it

(echD(kx2 _ echaka ))
1

s=

N

N
2R Sl Sle
~—~
he)

(41)
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where in the last inequality we used
P+l —
Z (e—LT k e_CTquf) < 1’
s=1
Pua 5 5
Z (echdkS _ ech,“lkj) g pQ73’ (42)
S=Pa+1
P
Z (e—CTakf _ e_CTaka) <1
S=pq+1
Similar to (38), by using (42) we obtain that
1
2\ 2 i 0
e vl ~ ( (e7Tk — et} < 07h g = 43)
Lo W2 Z NI
Estimates for e’®wy follow in the similar way. Thus we finish the proof. |
As a direct consequence of (42) with pg = 0 and
o . p
Z (echﬁksz _ echk;) — Z(echﬂka _ echksz) 5 1’
s=pp+l s=1
we have the following results.
Lemma 4.4. Suppose that T > Tg = ko_2 (kg = 2"0). Then we have
tA Q tA 1
”e UOHX[Tﬂ.T] 5 ﬁs ”e wO”X[Tﬂ-Tl 5 E (44)

4.2. Estimates for the second approximation terms and remainders

Since norm inflation of v comes from part of the bilinear term v, = B(wy, v1) withw; = e'®wy
and v; = e’® v, but w does not have norm inflation property, we only need to split the second

approximation term v, into three different parts:

° v2=v20+v21+v22With

V2o = —Z/ —(=D—T (kA )k h dt cos x,
3—1

2'0 s=1 l+#s

t
s=1 ¢=1"70
® Wy =Wy +W2 with

20p

s= 1E7és

Wa 2 =

2Q'O s=1 £=1

vy = —ZZ / SO0k GHID 2 (h — k)eos(hy — ko)x2) d,

Vi L ) 31
Vs = 2Q Z / ef(tfr)(h.wkz)z,r(h§+ky2,)hszkez (hy+ke) cos((hy+ke)xo) dr,
0

Wy = —ZZf ok k‘)sz(kz”‘z)k K2 (ks —kg)cos((ky —ko)x) d,

ZZ / =Dk HD L2 T (k) cos((k +he)xa) dT.

Now we prove the lower bound of v, ¢ which is the most important term that gives us the

desired lower bound.
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Lemmad4.5. Letn =2, r € [1,00] and |k;|7> < T < 1. We have
lo20 2~ VO 1020l gy iz b S ST4/0.

(45)

Proof. From the definition of vy and noting that the frequency of cos x; is £ = (0, 1), which

is located in an isolated annulus away from zero. From (28), we have

JO I T 13
lo20(DI 3. (TQZf o TPk el g dr) Hcosxz
0

3

B, 2" (T2
\/_ 13
ki hy 2
- Z . s zv (e_T _e—T(k:+h§)) HCOSXZ
o « kg + h L4(T?)
~ 0.
From (30) and (31), we have
P
k h2 2,2
- —1(k2+h
102,04 12y 18 S Z oy L EN s
1 A
< (TZ + Tf)\/Q.
From the assumption of 7', we can prove the desired estimates.
Next we estimate v, ; and wy 1.
Lemma 4.6. Let n = 2. For any r > 2, we have the following estimates:
VO
”U2 1 ||B4 My ||U2 1 ||L4W’l‘4ﬂLZTW_%’4 S 7’
1
<
||w2,l||3;%,2 + ||w2,1||L4W it S g
Proof. From the definitions of v, and w; we get
\/— et (hs—k)* _ o—1(h2+i)
V= — hzk (hs ke) cos((hs — ke)x2),
,0 ZZ h2+k2 (h _ke)z

s=1 {#s
t(k —ke)? _ eft(kf-&kf)

= ZZk k (ks — k2 e R—E cos((ky—kg)xz).

s=1 l+#s

By making use of the lacunary properties of {/,}’ {kg}fzl and (28), we have

s=1°

||U2,1||B;%,r N ”UZ’IHB;%"

3 1
VO hk; lhy—ki|
[[cos((hy—k¢)x2) || L4 (T2
ZZ<h2+k2—(h k) hy—kel} R

s=1 s
AT T

A
‘i\@

(46)

(47)

(48)

(49)
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By making use of (30), (48) and |h; — k;| = max{h;, k¢}, we obtain that
1

—t(h.—k)2 (B2 k2 _ RV 2412
”e t(l’lJ kg) —e l‘(/’ls+k[)|| 4} N -, ”e l‘(/’tA /Q) —e l(h +k)|| T N
|hy—ke|2 lhy—ke|
Hence we get
NI NI 3
< N x R 2
102l iz b4 S (> s leos(Chs —k)x) )
s=1 {#s ;
1
Jo ki & K\*
< X1T= - s
Sl DDA BB~
s=1 l<s S s=1 £>s ¢
<¥e
P
Estimates for w; | follow in the similar way. Hence we omit the details. |

It remains to estimate v, » and w; . By checking the proof of Lemma 4.6, we observe
that the following results are also true.

Lemma 4.7. Let n = 2. For any r > 2, we have

vl 5. + vzl bla S ; (50)

B, SULAW-14nL

-5

lwazll 3. + w2l 61y}

‘ o _—
AVo—1,4AT 2 N~ 54~ .
) LAW-14NL2W™ 2 Op

We are now ready to estimate the remainder y and z. Recall that y and z satisfy the
following integral equations (see (24)—(26)):

{y = B(z,y +vi + v2) + B(wi+wa, y)+ B(wy, v2)+ B(wa, v+ v2), (52)

z=B(y,y+v+v)+ B(v +v2,y)+ B(vy, v2) + B(va, v +v2),
on (0, co) with the initial conditions (y(0), z(0)) = (0, 0).

To explore the delicate decay estimates of y and z, we split each of vy, wy, vz, wy, y and
z into another two terms, i.e.

v = vixp0,7,1() + vix(7,,7,.1(0)s wy = wi x)0,7,1() + w1 X[7,.,7,..1(),
v2 = v X10,7,1() + V2 xi7,,7,,1(0), wy = w2 xp0,7,1() + w2 x[7,.7,..1(),
Yy =yx0.1,10) +yxr,.1,.10), 2 =zx0.17,10) + ZX(1,.7,,,1(0)-

Applying lemma 2.2 to y and z, and considering the time decomposition, we have the
following iterated results.

Lemma 4.8. Suppose that y and z satisfy (24)—(26). Forany a € {0, 1, ---, B} with 8 = Q3
and Tg =k, 2, and for sufficiently large p and ko, we have

3 1 1
¥l + Iz, <02 <ﬁ + T;?) : (53)
0

Moreover, for any T > Tg = ko_2, we have

1 1
< — i 042 N
Iyllx, +llzlx, < Q3 ( +T4)+0 («/5 «/k_0> - (54)
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Proof. Noting that [0, T,41] = [0, T, ] U [Ty, Ty+1], we thus have

+ 1zllx,,

a

S U, + Mzl + U llxgr, + I2lx sy, )- (55

a+l

1l

a+l

For simplicity, here and hereafter, we denote

A = Iy llxq, + llzllxy, »

Aot = 1Y xpg 1,0+ 120X 7,005
By = lvillx,, + lwillxy, ,

Boar1 = Villxy, 1, + lWillxg 2,00
Co = llv2llx,, + lw2llx, »

Ca,(x+1 = ||v2||XlTaATn+1J + ||w2||X[T‘X,rM]J~

Applying lemma 2.4 and lemmas 4.1-4.7 to (52), we have
Ag S A2+ Ay(By+Cy) + Co(By +Cy)
L 1 1 1
SAZ+AQ+ Q1 p T+ T Q) +(Q3p T + T QI)(Q+ Q2 p ™ + T, Q2)
S A2+ QA+ Q3 (07 +TY). (56)

Similarly, suppose that 75 < Q~* and p > Q% (or T = 0(Q™*) and p~! = 0(Q~?)). Then
by applying lemma 2.4 and lemmas 4.1-4.7 to (52), we have

AC(,DH—I S Ai,oﬁ.] + Aoz,oz+1(Ba,a+1 + Ca,a+1) + Ca,a+1(Ba,a+] + Coz,ot+1)
+ A2+ Ay( By + Cy ) + Co(By + Cy)

S A+ Auan (O + 0P  + TS, 0%) + A,
HQP AT 00+ 0 0 4T 0
<0+ T,f) + QAy +0(1)Agar1 + AL, (57)
Plugging (56) and (57) into (55), we obtain that if Ag < o(1), then
Aart S Aat Awant S 0107 + 1) + QA +0(DAg. (58)
Noting that from (39), (34) and (35), Ag < Q,o’%. Thus by iterating (58) we get
Ap S O (o +T)). (59)

For sufficiently large p and T; ', we obtain that A g < o(1) and the above iterating argument
works. Therefore, we prove (53).

In order to prove (54), it suffices to iterate one more time by splitting [0, T'] into
[0, Tg] U [Tg, T]. Similar to (58), by using (59) and lemma 4.4, we have

E 1
Iylix, +llzllx, S Qo' +T%) + QAg
1
SO HTH+ (02 +Ty).
Recalling that 8 = Q° and Ty = k(;z, then we prove (54). (|

It is clear that from lemma 2.4 and (58), we can prove that

YD 2a 412D 30 S 0307 + 79+ QPP (073 + 7). (60)
4 4
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4.3. Proof of theorem 1.4

Gathering the above estimates, we are ready to prove the ill-posedness of system (1) by showing
norm inflation.

Proof of theorem 1.4. Combining lemma 2.4, (32), (45), (46) and (54), we have
oI, 3, = v, oM 3, — (lvi(T) +v2,1(T) + (DI, -3,)
B B, B,

4
Z v 0Dl =llor (DI 3, = o2 (I 3, = DI 3
B, B, B,

1
>ct—c(0p T+ 0T+ 0 T+ TH + 0P 4 7))

2

1 i
> e (61)

provided that p > max{Q72, 0227}, ko > 022" and T <« Q~'2. However, w does not
produce norm inflation since

Iy S lwn (T _ya + lwaD 2+ 12D 52
B4 B4 B4 BA

1
S Q_% + Q_I,O_l + Q%(p_1 + T%) + Qﬂ+3(,0_% + Tﬁ4))
S0
when p > max{Q77, 027} kg 3> 027 and T < Q2. 0

4.4. Outline of the proof of theorem 1.5

In order to effectively communicate the ideas in the proof, this subsection outlines the main
steps. Due to similarity, further details on the intermediate steps are omitted for simplicity.

Step 1. Fix areal number § > 0.

by p
vo(x) = \/% ékf cos(ksx2), wo(x) = % ; cos(hsxz), (62)

where x € T2, k, = — Y , hy = 1 +k; and my is a large number depending on §. Split v,

and w, from (23) into vy = vp,0 + V2,1 + V22 and wy = wy o + Wy |, respectively, where

NAY 2 ! (t—7)—T(k2+h?) i3
= — —uTlh s s 2 2
Vo = % E / e ki hg dt cosxy,

v = ‘/_ZZ f —=D kPt J 32 (K yeos((hs —ke)xa) d,

s=1 {#s
\/@ G ! 2 2.2y, 3 1
vy = —— Z Z/ ~UD ek =T kO 2 2 (b + kg) cos((hs + ke)xa)dT,
2p s=1 ¢=1"0
0> < 2k
Wy =Y / ~(=D) ks —ke)? T (k4] )k ke (ks — ke)cos((ks — ko)xa) dr,
2p s=1 s Y0
02 &L o~ keH P =T (B 4k)) i3
wyo = % ZZ/O DEARTTET Ok k] (ks +ke) cos((ks + ke)x2) dr,

©
Il
o~
Il
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and v, exhibits norm inflation while v, w,;, v, and w,, are controllable
terms.

Step 2. With our careful choice of initial conditions and making appropriate choices for Q, p,
ko, and T, following the similar arguments as in section 4.2, we can prove that

1
« i@, 3. SO w5, S 0
4

34
1
o oo 3.~ Q2
B4

1_1
ro 2
’

2
: S S lwaa (M + w30 S F
2

2
3
2 o 7

o [lu21(T) +v22(T)Hl -
B, :

o Iylx, +lizllx, S Q*G + T4+ Q%M (J + o) for some No > 1.

Step 3. (Norm inflation). The estimates in step 2 and similar estimate (60) imply

1 g2 > 2032 = |0+ o2, (T) + w2 (D] + 1| s
B, B, B,
z1/8
and there exists some Ny € N such that
Iy, S Nwor @y, + [l (D] + e () + w22+ DI
B, B, B,
SO T QY 4 TH+ QO (o kg )
<S8
provided that p and k( are large enough and T(>k§) is small enough. (|
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