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JACOBI AND LAGUERRE QUASI-ORTHOGONAL
APPROXIMATIONS AND RELATED INTERPOLATIONS

GUO BEN-YU, SUN TAO, AND ZHANG CHAO

ABSTRACT. In this paper, we investigate Jacobi quasi-orthogonal approxima-
tion and generalized Jacobi-Gauss-Lobatto interpolation. We also propose La-
guerre quasi-orthogonal approximation and generalized Laguerre-Gauss-Radau
interpolation. A series of sharp results on these approximations are estab-
lished, which are applicable to spectral and pseudospectral methods for mixed
nonhomogeneous boundary value problems of high order.

1. INTRODUCTION

The Jacobi approximation plays an important role in mathematical analysis and
its applications. Especially, the Legendre and Chebyshev approximations have been
used widely for spectral and pseudospectral methods of differential equations; see
[3L B 6], 10, M1, 12, 29] and the references therein. Some authors developed the
Jacobi spectral and pseudospectral methods for singular differential equations, and
some problems defined on unbounded domains and axisymmetric domains; see, e.g.,
[2, 13, [14]. We mostly considered second order problems. But, it is also important
to solve high order problems arising in science and engineering numerically; see
[T, 4, 8, [15] and the references therein. Guo, Shen and Wang [I8| 19] proposed
the generalized Jacobi approximation, which enlarged applications of the spectral
method. In actual computation, the pseudospectral method is more preferrable. Its
mathematical foundation is the related interpolation. Canuto and Quarteroni first
studied systematically the Legendre-Gauss-Lobatto and Chebyshev-Gauss-Lobatto
interpolations in the standard Sobolev space; see [6]. Bernardi and Maday [3]
derived some precise results on the generalized Legendre-Gauss-Lobatto interpola-
tion. Guo and Wang [21], and Guo and Zhang [27] studied the Jacobi-Gauss type
interpolations. However, it is not easy to design proper spectral and pseudospectral
methods for high order problems with mixed nonhomogeneous boundary conditions.

On the other hand, more and more attention has been paid recently to numerical
methods for unbounded domains. For problems defined on the half-line and related
problems, we often used the Laguerre spectral and pseudospectral methods; see
[17, 23], [26] 28], [30}, 311, [32], B3, [36] and the references therein. They are also applicable
to certain exterior problems; see, e.g., [ 20, [24] 25]. Whereas, the existing results
on the Laguerre approximation are not optimal. Moreover, it is not easy to deal

Received by the editor November 17, 2009 and, in revised form, August 17, 2011.

2010 Mathematics Subject Classification. Primary 41A10, 41A05, 41A30, 65L60.

Key words and phrases. Jacobi quasi-orthogonal approximations, Jacobi-Gauss-Lobatto inter-
polation, Laguerre quasi-orthogonal approximation, Laguerre -Gauss-Radau interpolation.

The work of this author is supported in part by NSF of China N. 11171227, Fund for Doctor
Degree Authority of Chinese Educational Ministry N. 20080270001, Shanghai Leading Academic
Discipline Project N. S30405 and Fund for E-institute of Shanghai Universities N. E03004.

(©2012 American Mathematical Society
Reverts to public domain 28 years from publication

413

Licensed to Nanyang Technological University. Prepared on Fri Oct 19 01:33:58 EDT 2012 for download from IP 155.69.4.4.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



414 GUO BEN-YU, SUN TAO, AND ZHANG CHAO

with mixed nonhomogeneous boundary value problems of high order, defined on
unbounded domains.

In this work, we investigate the Jacobi and Laguerre quasi-orthogonal approxi-
mations and the related interpolations. In the next section, we introduce the Ja-
cobi quasi-orthogonal approximation and establish the basic approximation results.
In Section 3, we propose a new generalized Jacobi-Gauss-Lobatto interpolation.
In Section 4, we introduce a new family of generalized Laguerre functions which
are mutually orthogonal with the weight 2®e~#*  « being any real number and
B > 0. Then, we focus on the special and mostly useful case with integer o < —1,
and derive the optimal approximation result. We also develop the generalized La-
guerre quasi-orthogonal approximation. In Section 5, we consider the generalized
Laguerre-Gauss-Radau interpolation.

The new approximations proposed in this paper are appropriate for spectral and
spectral element methods, and pseudospectral and pseudospectral element methods,
for various mixed nonhomogeneous boundary value problems of high order. The
approximation results obtained in this work generalize and improve the existing
results essentially, and provide new and powerful tools for numerical analysis of
high order methods.

2. JACOBI QUASI-ORTHOGONAL APPROXIMATION

2.1. Generalized Jacobi functions. Let A = {z | |z| < 1} and x(x) be a certain
weight function. For any integer 7 > 0, we define the weighted Sobolev space H (A)
as usual, with the inner product (u,v), ,, the semi-norm |v|, , and the norm |[v||; .
In particular, we denote by (u,v), and ||v||, the inner product and the norm of
L2 (A), respectively. The space Hj , (A) stands for the closure in HY(A) of the set
D(A) consisting of all infinitely differentiable functions with compact support in A.
We omit the subscript x in the notation, whenever x(z) = 1.

In this work, we shall use a specific family of generalized Jacobi polynomials. Let
XN (2) = (1-2)7(1+2)*, 0,A > —1, and let Jl(o’)‘)(x) be the Jacobi polynomials
of degree [. For any integers m and n, we set

(l—x)m(l—i-x)”Jl(inn’?_)n(x), m,n>1,1>m+n,
21) Y™ (g) = (1- a:)mJl(Tr’;n) (x), m>1n<1,0l>m,
! (1+ ;E)"Jl(::l"n) (x), m<1ln>11>n,
Jl(_m’_n) (z), m,n <1,1>0.
According to (2.25) and (2.26) of [19], for integers m,n,k > 1 and n < m, we have
that
22) oy (@) = By ), I > max(m +n, k),
where
k
(—2)’“H(l—m—n+z), E<n<m,
=t n k—n—1
m,n —1)k2n l—m-—n+i l—m—1)), n<k<m,
g _ ] (1) (}_If ) ( II ))
Tl+k-—m-n+1) /14 mnt
m — — —
D T =t 1) (E(l m=n+1))( 1}) (=n-9).
n<m<k
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QUASI-ORTHOGONAL APPROXIMATIONS AND INTERPOLATIONS 415

Meanwhile, for integers m,n,k > 1 and m < n, we get
(2:3) oY (@) = (~)F BT (@)
where 1 = 0, k, n for the cases k <m <n, m < k <n,and m < n < k, respectively.

2
X(—nl,fn)

3

The set of all polynomials Yl(m’n)(x) is a complete L
tem, namely (see (2.9) of [19]),

(A)-orthogonal sys-

(24 J Y@ @ @) = o

where §; ;- is the Kronecker symbol, and

(2.5) 9mAn LD (] — 4+ 1Tl — n + 1)
T TR e

e = O R IR DR ey A
T g ey e
@ —m—nt DT D00 —m—nt1) b0

Let l,n, = m 4+ n,m,n,0 for the cases m,n > 1, m > 1landn <1, m < 1 and

n > 1, and m,n < 1, respectively. Then, for any v € Li“m"”) (A),
(2.6) ()= Y oIy (@)

I=lm,n
where

m,n 1 m.,n — —
f)l( ) = NG /AU(J:)YZ( ’ )(x)x( ™) () d.

Furthermore, for m,n > 1, a combination of (2.2)—(2.4) leads to the following
equality (cf. the proof of Theorem 2.2 of [19]):

m,n m,n —m —n m,n m—k,n—=k
@) [ OV @k R e = (B

Now, for any positive integer N, P (A) stands for the set of all algebraic poly-
nomials of degree at most N. Next, for m,n > 1,

PRmm(N) ={d€Pn(A) | 05p(—1)=0for 0<k<n-—1and
Okp(1) =0 for 0 <k <m —1}.
We also introduce the finite dimensional set
Qg\r,n’n) (A) = span{ Yl(m’n)(ac)7 lpn <1< N}

Obviously, Qs\;n’") (A) = P n.n(A) whenever m,n > 1.
Throughout this paper, we denote by ¢ a generic positive constant independent
of any function and N. We have an inverse inequality stated below.

(m;n)

Lemma 2.1. For any ¢ € Q" (A), integers m,n > 1 and N > max(m + n, k),
we get
||8§¢||X(—m+k,—n+k) < CNkH(ﬁHX(fm,fn).
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Proof. According to (2.4), we have
N

(28) Wl = 3 (@),

l=m+n
Without any loss of generality, we assume m > n. Then by virtue of (2.7), we get

N
m,n 2(mmn m—k,n—k
(2.9) O i = D (BU)R(G)2 )

l=max (m+n,k)

Clearly, (2.2) and (2.3) imply E,(:?") ~ I¥ for large I. By the Stirling formula,

(2.10) I(s+1)=+2mss’e*(1+0(s5)), s>1.
Thus, a direct calculation shows that ’yl(m’n) ~ |71, Thereby, we use (2.8) and (2.9)
to obtain
(m—k,n—k) m(mmn)y2 N
Y-k (Ek l ) 2 (m,n m,n
E 4112 < , (mn)y2, (m,n)
||az¢||x(—m+k,—n+k> = max(mr-lfl;?ﬁc()flfN %(m,n) l:;n( 1 )™
SO\ [ ] —

This ends the proof. O

2.2. Generalized Jacobi orthogonal approximation. Next, we recall the gen-
eralized Jacobi orthogonal approximation. The projection Py r Li(,m,,n) (A) —

Qs\;n’") (A) is defined by

(PNomn® = 0, @) ycmm =0, Vo€ QU™ (),

As a special case of (2.39) of [I9] (also see (1.8) of [18]), we have the following
result.

Lemma 2.2. Ifv € Li(*""’*") (A), 0w € Li(,,,L+,,,,,,L+,,.)(A), integers m,n,r >

I, N>m+nand0<k<r <N+1, then
||8§(v - PN,mmU)”X(*memrk) < CNk_rH@;UHX(fmw,fnw).

For numerical solutions of high order differential equations, we need other or-

thogonal projections. For this purpose, we introduce the space
mon,A(A) = {v | v is measurable on A and |[v[|gr =~ < oo},

equipped with the following semi-norm and norm,

T
1
Rt ;2 Wa— ol , o = O lol2 ).
k=0

If v e H ,aA),mn >1and r > max(m,n), then there exist finite traces
OFv(—1) for 0 <k <n—1, and 8%v(1) for 0 < k < m — 1. Accordingly, we define
the space
Hf ppna(N) ={veH] , A(A)] Ofvu(=1)=0for 0 <k <n—1, and
OFv(1)=0for 0 <k <m—1}.
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QUASI-ORTHOGONAL APPROXIMATIONS AND INTERPOLATIONS 417

For integers max(m,n) < p < m + n, the projection Pﬁ,?nn P HY o a(A) =
Q™™ (A) is defined by
(2.11) (0(v = PRy, 1), 080) bt =0, Y € QN (A).

There is a close relation between P]’\‘,”gn’nv and Py . nv. To show this, let v €

H o a(A) and @l(m’") be the same as in (2.9). Meanwhile,
N
i _ (m,m)y-(m.m)
N,m,nv(‘r) Z a l (‘T)
l=m+n

Without any loss of generality, we assume 1 < n < m. With the aid of (2.2), a
direct calculation shows
(2.12)

N

wla) = Py o@) = > B - o™y @)

l=max(m+n,u)

+ Z Ei’;»")@l(m»")n(jr;*#)n*#) (:17)

I=N+1
We now put ¢(z) = Yﬁ""") (), m+n <I'<N,in (2.11). Then, we use (2.2),
(2.4) and (2.12) to obtain
(B2 ton = o) —af™™)2 =0, m4n <1< N.
This means

(2.13) POy = PN i nv, Vv € H&m,n,A(A)'

N,m,n

The above matter with Lemma 2.2 leads to the following conclusion.

Lemma 2.3. Ifve Hy,, , 4(A), Ojve Li(,mﬂ’ﬂ#ﬂ (A), integers m,m,r > 1, N >

m+n, 0<k<r<N+1 and max(m,n, k) < pu <m-+n, then

||8§(’U - PJI\LI:(,:n’n/U)||X(—7n+k,—n+k) < CNk7T||8;‘v||x(—7n+7‘,—n+r)-

The above result is applicable to numerical solutions of high order problems with
homogeneous Dirichlet boundary condition. The specific case with p =m =n > 1
was considered in [I8].

2.3. Jacobi quasi-orthogonal approximation. For nonhomogeneous Dirichlet,
Neumann and mixed boundary conditions, as well as for spectral element methods
of high order equations in which the numerical solutions and some of their deriva-
tives should match properly on all common boundaries of adjacent subdomains, we
need certain quasi-orthogonal approximations.

We introduce the following polynomials of degree m +mn — 1,

1 o= (m+1—1)!
. - — = (1 — ™ LAYt I+j
(2.14) G, (%) 2mj!(1 z) leo 211!(m—1)!( +a),
m—1—j
. (=1)] ., (=1
(215) qm,n,j(x) - 2"]' (1 + ‘T) — 2”'(71 _ 1)' ( 117) .
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It can be checked that (cf. Theorem 3.1 of [35])

(2.16)
8kqmn]( 1) =6rj gy, (1) =0, 0<j,k<n—-1,0<1<m-—1,
gt (1) =0, gt (1) =6k;, 0<jk<m—-1,0<I<n-1

Now, for any v € H, ,, 4(A) and 7 > max(m,n), we set

n—1 m—1
(2.17) U b (T Z dv(-1)q,, (@) + Z (‘EU(l)qrfmJ (x).
§=0

Furthermore, let v(z) = v(x) — U ,p(7). Evidently, v € Hg ., 4(A). Therefore,
there exists the orthogonal projection PL° 7 e Qg\r,n’n) (A). Following the same

idea of [23| 25], we define the Jacobi quajs\i 7(r)llgtlhogonal projection as
(2.18) Py 1 0() = P, o, 0(@) + V(@) € Pr(A).
By (2.17), (2.18), and the definition of PN’m s We derive that
(2.19) g:]‘i&mn v(— 1)7:’:'9’;11(—1), for0<k<n-1,
N.mn V(1) = 0zv(1), for0<k<m-—1

We now turn to the error estimate of the above projection. Obviously,

P (@) — (@) = Py, B(x) — B(x).

Thus, we use Lemma 2.3 to obtain the following result.

Theorem 2.1. Ifv € Hxax(m n)( A), 0w € Li(—mw,—nw) (A), integers m,n,r >
1, N>m+n, 0<k<r<N+1and max(m,n, k) < pu<m-+mn, then

185(PE 0 = )l gt = 5P, 5= )l s
X X

2.20
( ) S C]\ﬂ‘C T(|‘a;fv‘|X(7'"L+'r',7n+7') + Ha;’l)m,n,bHX( 77L+1',77L+'r'))o

Clearly, 0L vy nb(z) = 0 for r > m + n. Therefore, the inequality (2.20) implies

(2.21) 10z (PY N,m,n¥ — U)||x(*m+k,fn+k)
< eNk- "|Opvlly = mtr—ntn,  for r>m+n.

Next, we consider the case with max(m,n) < r < m + n — 1. Thanks to trace
theorem, we get
n—1
105 0m,m |l < e(D ) |00(=1)]
(2.22) AT
+ 37 12200 < elfollsmescn -

This, along with (2.20), leads to

10K (PY o = V) [yt s
2.23 m,n X
( ) < CNk 7"(||8£'U||X(7M+T,fn+r) + ||’U||Hmax(m,n)(A)).

It is noted that in many practical cases, the error estimate (2.21) is also valid for
r <m+n — 1. Indeed, it has been verified that (see the Appendix of this paper)

105 (PY

Nomn¥ — U)‘|X(—m+k,—n,+k) < CNk7r|‘a;v‘|X(—m+r,—n+7‘),

(2.24) forlgm,ngél, max(m,n) <r <m+mn-—1.
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QUASI-ORTHOGONAL APPROXIMATIONS AND INTERPOLATIONS 419

Remark 2.1. The special cases with 4 = m = n = 1,2 with their applications to
second and fourth order problems, were considered in [16], 24, 25| [27]. Bernardi and
Maday considered the same projection with y = m = n, denoted by 7. By (6.22)
of [3], [[v—7Rvllam@n) < eN™||v||gr(a). Clearly, (2.21), (2.23), and (2.24) give
more general and better results.

Remark 2.2. The projection P{\Lﬂm \U possesses an interesting property, playing an
important role in Petrov-Galerkin spectral method of high and odd order problems.
In fact, for any ¢ € QS\’,\;)‘;H\(A), we have 072¢ € Pn_,(A). Accordingly, gy :=
XTNGItA G € Qgg’)‘) (A). For any v € H;liigo’k)(A), let (z) = v(z) — vorp(z) €
H&lji\(i")‘) (A). Then, we use (2.18), an integration by parts, (2.13) and the definition
of Pn - v successfully, to derive that for any ¢ € Qg\’,\’_)‘;+/\(A) and max(o, ) < pu <
m +n, we get

(2.25)

(8U(PJA\LZU)\’U ) a)\d)) (aU(P]l\l}o’)\a_N%aa)c\qs)
= (—1)7 (PR AT = T,05) o -n = (1) (Pr,o a0 = T, 05) (-0 -n) = 0.

3. GENERALIZED JACOBI-GAUSS-LOBATTO INTERPOLATION

In this section, we investigate the generalized Jacobi-Gauss-Lobatto interpola-
tion.

Denote by Cg](\,)J the N + 1 distinct zeros of polynomials J ](V 11 (), arranged in
decreasing order. As was shown in [34], there exist the corresponding Christoffel

numbers wg’]f})‘, 0 <7 < N, such that

(3.1) /¢ NG dw—Z¢C§’J@] WO Ve e Pava(M),

By (15.3.10) of [34], we have

o+A+L
G 2 (o)) 1 (0 A) \ A1
(3.2) WeNg Y TN (1—<GN]) +2(1+CG,N,j) Tz
We define the nodes and weights of the generalized Jacobi-Gauss-Lobatto interpo-
lation:
](V'r;lj n) C(:mNn)m I (m,n) m,n)
(33) O‘)N,j _wGN m— n,]( CGN m— n]) 2Tn(l—’—CG'N m— n,j)_2n’

m,n>0, 0<j<N-m-—n.

Thanks to (3.2) and (3.3), we have
2m+n+1ﬂ.

N-m-n+1

Next, we introduce the discrete inner product and norm as follows:

m,n m,n)\ —m-+1 m,n)\ —nt+ L
(34) Wy~ (1™ e (14 cyy™) s,

N—-—m—n

(w0 xmn = D w5 WG Tollvmn = @0
j=0
For any ¢ € Q(m ")( A) and ¢ € Qg\ﬁ?)( ), there are gy € Pn_m—n(A) and
Gy € PN-m-n+1(A) such that ¢(z) = x™™ (2)gs() and ¥(z) = X" (2)gy(2).
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Clearly, ¢¢qy € Pan—2m—2n+1(A). Therefore, we use (3.1) to verify that
(6, 8) e = (2, @)y

N—-—m—n
= Z q¢(cgnNn m— nj)qw(CGmNn)m nj)wgtlj\?f)mfn,j
j=0
(35) Nim—n
= O N N = (6,9) Nmn:
j=0

Vo e QU (M), € QW (A).

For any integer r > 0, we denote by C"(A) the space consisting of all r-times
differentiable functions. Further, for integer r > max(m — 1,n — 1),

Clhmm(A) ={veCT(A) | OFv(~-1)=0for 0<k <n—1,
OFv(1)=0for 0 <k <m—1}.
For any v € Cé?;’fslm_l’"_l)

€ Qg{,n’") (A) is determined by
(3.6) Inmav(Cy5™) =0 (C5™), 0<j<N-—m—n.

(A) and m,n > 1, the auxiliary interpolation Zy , ,v

Lemma 3.1 (Stability of interpolation). For any v € CMx(m=tn= 1)(1_\)

0,m,n
1
HmnA

(A), integers myn > 1 and N > m + n, we get
‘|IN7m)nUHX(—m,7n) < C(H(UHX(fm,fn) + N_1||8mv||x<fm+1,fn+1)).

Proof. By virtue of (3.4) and (3.5), we deduce that
N—m—n

||IN,m,n'U||i(—m,fn) = Z (C mn)) (m n)

(3.7)
om+n+1 N—-m—n

(mn mn) +1 mn) n+1
< —F — .
S S R - )T (L ()
Let z = cosf,0 € [0, 7] and 0(0) = v(cosf). By (3.3) and Theorem 8.9.1 of [34],

m,n m,n 1 . .
(3.8) 08" = 05N, n,j—m(ﬁﬂ-o(l)% 0<j<N-m-—n,

where O(1) is bounded uniformly forall 0 < j < N—-—m—n. Weset ag =

[ag,a1], A; being subintervals with the length |A;| = (m) Therefore, by
(3.7) and (3.8),

N—m—n (m,n) (m,n)
7)2(9](\[”’3”))(5111 N,j )—2m+1(cos N,2] )—2n+1

C
||INym7n’U||i(—m,—n) S N

i=0
= .0 —m+3 —n+1,2
sup [0(6)(sin 5) 2 z|”.

COS —
DeA,; ( 2)

=0
On the other hand, for any f € H'(a,b) (see page 32 of [21]),

1
(3.9) 255, 1)) <~ e + V= alloe (e
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Therefore,

ZN m.nvl |i<—m,—n)

P | ) Lf
v (—\Iﬁ((?)(sin5)""+§(cos5)‘”+7\|2Lzmj>

<
= 1Al

S N N
+ 1441196 (v(6) (sin 7)) +2‘(6085) F2)122a,))

0 0
< (| [7(0) (sin 7)) 7™ E (cos ) T [Fa o m)

- ~ N NI
+N 2”39”(9)(81115) +2(COS§) 212 a0

R
+N 2\Iv(9)(81n5) #(cos ) 2|72 (agar))

0 0
< o(|[B(6)(sin 5) ™" (cos )T E[Fa0.m)

oA A g Ot O\ _pp1
+ N 72(1059(0) (sin 5) "3 (cos )" |72y

0 1 0 1
—2 -~ : —m—+3 —n+3\||2
FNT max o ([3(6)(sin )" (c0s )7 gy, )

< |0l 3 mmy + N 720003 mt1mnin))-
The proof is completed. O

We are now in position to estimate the error of interpolation Zn , »v.

Lemma 3.2. Ifv € H(I)r’lax(m’n)(A)7 v € Li(,mwﬁnﬂ) (A), integers m,n,r > 1,

m,n,A

N>m+4+nand0<k<r<N+1, then
||8’; (INmnv — 'I.))||X(—m+k,—n+k) < CNk_T| |05 ] |X(7m+7',7n+7‘).
Proof. L m,nv is meaningful. We use Lemmas 2.1 and 3.1 to deduce that

||8g]cC (IN,m,n'U — P]\Lm’nv) | ‘X(—m,+k,—n+k)
< cNk |IN,m,nU — PN,m,anX(fm,fn) = CNkHIN’m,n(PN,m’n?} — ’U)||X(7m,7n)
< CNk(||PN7m,nv — /UHX(—m‘—n) + N71‘|8w(PN7m,nv — 11)||X(—m+1,—n+1)).

Consequently, using Lemma 2.2 yields

Halaf(IN’m)nU — U)‘|X(7m+k,—n+k) S H@’;(PN,mmU — U)‘|X(7m+k,—n+k)
—|—||(9!CC (INmnv — PN7m,n’U)HX(—m+k,—n+k) < CNk7T||8;v||X(—m,+7‘,—n+7‘)-

This ends the proof. O

By virtue of (3.5) and Lemma 3.2 with £ = 0, we verify that for any v €
Cmax(m—l,n—l)(A) and ¢ c Qg\'rfn,n)(A)7

0,m,n

(3 10) |(07 ¢)N,m,n - (07 ¢)X(—m,—n>| = |(IN,m,nU -, ¢)X<—m,—n)
< CNiTH6;U|‘X(77n+T,7n+T)||¢|‘X(fnl,—n).

We now turn to the generalized Jacobi-Gauss-Lobatto interpolation for function

with nonhomogeneous boundary values. Let vy, ,5(z) be the same as in (2.17).
For any v € Cmax{m=tn=l})

, we set U(z) = v(x) — Vpmonp(z). Evidently, v €
C’&fifgszl’nfl) (A). Thus, there exists the interpolation Zn ,, ,v € Qg\r,n’n) (A). Then,
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following the same idea of [27], we define the new generalized Jacobi-Gauss-Lobatto
interpolation as
(3.11) Zi,Nmn0(T) = INmn0(z) + Unyp b ().
With the aid of (2.16), we assert that
IL,N,m,nv(C](VTZ’n)) = ](ijn)), for 0<j<N-—-m-—n,

(3.12) OFTr Nmnv(=1) = 0kv(=1), for0<k<n-1,
ORI Nmnv(1) = 0ku(1), for0<k<m-—1.

Next, we estimate the error of interpolation Zr, N mnv. Clearly Zr nmnv(z) —
v(z) = IN mn0(z) — v(x). Thus, Lemma 3.2 implies the following result.

Theorem 3.1. If v € H™Umm) (A), OLv € Li(,mﬁv,nﬁ) (A), integers m,n,r >

m,n,A

I, N>m+nand0<k<r<N+1, then

313)  NOECNmnt = O)llyreinin = 105 (Tnamnd = )l ly=rn s
’ S CNk_T(||6;U||X(7'm.+7',7n+1') + ||a;vm’n’b||X(77n+'r',7n+'r'))-

Following the same line as the derivations of (2.21), (2.23) and (2.24), we obtain
(3.14) \|8’; (IL,N,m,nU — U)||X(—m+k,—n+k)

< cNk_r||8;v||X(7m+,,»,7n+,,-), for r > m+n,

(3.15) |\8§ (IL,N,m,nU — '1.))||X(7m+k,7n+k) < CNk_T(‘ |a;’v||x(fm+r,fn+7')

+ [|V]] grmax(m.ny (a)), for max(m,n) <r <m+n—1,

(3.16) ||8§(IL,N,m,nU - U)‘|X(—'nL+k,—'rL+k) < cNk_T||8;U||X(7'm.+7',7n+1')7

for 1 <m,n <4, max(m,n) <r<m+n—1.

Remark 3.1. If m = n =1, then the interpolation Zy, n . »v corresponds to a new
interpolation 7y, n.11v. By (3.14) and (3.16), for r > 1, we get
||8§(IL,N71711; — U)|‘X(—1+k,—1+k) S CNk7T|‘a;U‘|X(—1+r,—1+r), k= O, 1.

The interpolation Zy yi1,1v is different from the standard Jacobi-Gauss-Labatto
interpolation Zy, yv developed in [2I]. Moreover, it was only shown in Theorem
4.10 of [21] that [|0%(Zr,nv — v)|| < eN? 77|07 | (- 14r-14n) for k=0, 1.

Remark 3.2. If m = n > 1, then Z; ymmv is equivalent to the generalized
Legendre-Gauss-Labatto polynomial interpolation kjjv for v € Cﬁf‘ﬁ((m_l’"_l)(f\),

given by (13.17) of [3], since both of Zp, N m. v and k¥v are polynomials of degree
N, possess the same interpolation nodes and satisfy (3.12). The results (3.14) and
(3.16) withm =n=1,r > 1 and k = 1, was first given in [27]. On the other hand,
Bernardi and Mady showed earlier that [|kpv—v|, -1 < eN7"[|v|[gray, 7> 1;
see (13.26) of [3]. Thus, (3.14) and (3.16) generalize and improve the corresponding
results of [3] 27].

Remark 3.3. If (3.14) or (3.16) holds, then ||07(Z1, N,m,mv)|| < ¢||07v]|. Thus, the
interpolation Zp, N m, mv is stable in H;’;,m’A(A)!. The result with m = 1 was given
in [3].
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4. LAGUERRE QUASI-ORTHOGONAL APPROXIMATION

4.1. Generalized Laguerre functions with arbitrary real parameter «. Let
A={x|0< 2z < oo} and x(z) be a weight function. For integer r > 0, we define
the weighted Sobolev space H, (A) as usual, with the inner product (-,-),y, the
semi-norm | - |, and the norm || - ||, . The inner product and the norm of L2 (A)
are denoted by (-,-), and | - ||y, respectively. Furthermore,

oH(A)={veH(A)]v0)=0,0<k<r—1}

We omit the subscript x whenever x(z) = 1.
The scaled generalized Laguerre polynomial of degree I > 0 is defined by (cf.

28])

Ll(a’ﬁ)(x) = l—'x—%ﬂwa;(x”%—ﬁw), a>-1,5>0.
They satisfy the following relations:
(4.1) L (z) = LT (@) — LT (@), 1>1,
(4.2) 0, L\ (z) = =L THP (2), 1>1,
(4.3) 20, L\ (@) = (1 + ) L{*P () —1L*P(2), 1>1

Let wq 5(7) = 2%~ P%. We have

(4.4) / L (@) LP) (1) wa g () da = 4P 610
A

where ’yl(a’ﬂ) = %

We now turn to the generalized Laguerre functions with arbitrary real parameter
a. Denote by [a] the largest integer < a. Let [, = [—a] for a < —1, and I, = 0 for
a > —1. Meanwhile, I, =1 — [—a] for @ < —1, and I, = for & > —1. The new
generalized Laguerre function of degree [ is defined by

o (—a,B) 7
L, (z) a<-1,1>1,=[-q]

4.5 [’( a,B) ) 9 _0’ 9
(4:5) (@) = L‘“’”() a>—1,1>1,=0.
If @« > —1 or « is a negative integer, then lll(a’ﬂ) (x) turns out to be a polynomial
of degree .

The function El(a’ﬁ )(x) is the [th eigenfunction of the following Sturm-Liouville
equation:
(4.6)  Ou(aTre P29, L") (1)) + NP ae P L (@) =0,  1>1,
with

() | Blla—a)=p6(1-[-a] —a), for @ < —1,

(4.7) A { Blo, = Bl, for a > —1.

By virtue of (4.4), all El(a’ﬁ) (x) conform a complete Lia’ﬁ (A)-orthogonal system,
ie.,
(4.8) / ﬁl(a’ﬁ) (J?);Cl(/a’ﬁ) (x)wa,g(x)da: = nl(a,ﬁ)(sl)l,

A
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where
(4.9) n(@® = %(;a’ﬂ) %( F_i]), for a < 1,1 >1,,

! 'yl(a’ﬁ), fora > —-1,1>0.
Thus, for any v € L2, (7)), we have
(4.10) v(z) =Y oL (@)

I=la
with
~(a, 1 «,
(4.11) vl( A = B /Av(m)ﬁl( A (%)wa,p(x)d.
™

Some important properties of ,Cl(a’ﬁ )(x) are stated in the following two proposi-
tions.

Proposition 4.1. We have

(4.12) /A 0oL (2)0, L5 (@) wayr p(2)dw = NP L1 > 1,
Proof. We first consider v < —1. In this case, [, = [—a]. By virtue of (4.5),
(4.13) 2219, £ (2) = —aLi” P () + 29,L " (x).

If I > 1, +1, then I, > 1. By using (4.3), we obtain from (4.13) that

(4.
210, L0 () = —aLi P (@) = (la — )Ly (2) + 1oL P (@)
= (la = ) (L{, " (@) = L ().

o

The above with (4.1) leads to

(4.14) 2219, £ () = (la — a)L{ """ (2).
If | = l,, then I, = 0. Accordingly, (4.13) leads to
2219, £ (x) = —aLy P (@) + 28, L5 () = —a
Thus (4.14) is also valid. Further, by (2.2) of [22],
Ila—a)  T(l-[-a]—-a)

(—a=1.8) () —
(415) Ly, (0) = I(—a)l(ly+1) T(=a)T(l —[~a] +1)’ la 2 0.

Moreover, for any v € L?

a5 (), we have v = o(z=“%) as ¢ — 0. This fact, along

with (4.14) and (4.15), implies that for I > 1, we have :ca“‘le_ﬁwamﬁl(a’ﬁ)(x)ﬁl(/a’ﬁ) (z)
— 0 as 2 — 0. On the other hand, for any v € L2, 5(A), we have v = o(z*%ﬂeéﬁm)

as r — 00. As aresult, z%Tle=579, ,C ’B)( )El( ’B)( ) also tends to zero as © — oo.

Therefore, by multiplying both sides of (4.6) by E(a 2 () and integrating the re-

sulting equation by parts, we use (4.8) to obtain (4 12) with o < —1.

Next, we consider & > —1. Thanks to (4.5) and (4.2), we have x““@wﬁl(a’ﬁ)(x) =
—ﬁxo‘“Ll(fYLB) (x) for all for [ > 1. In this case, zaﬂe*ﬁzaxﬁl(aﬁ) (x)ﬁl(,a’ﬁ)(x)
— 0 as * — 0,00. Then, by the same argument as in the last part, we reach the
desired result (4.12) with [,1’ > 1. Clearly, due to (4.7) with o > —1, (4.12) is also
valid for {,1’ = 0. O
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Proposition 4.2. Ifa=—1 or a < =2, then

(4.16) 0, L (@) = (1= [a] — ) LT (@), 1>1..
Proof. We have from (4.14) that for o < —1,
(4.17) 0L (@) = (lo — )2~ L @), 1> 1a.

If & < —2, then by using (4.5), we obtain from (4.17) that
0L (@) = (la — ) LT (1) = (1 = [—a] = ) LT (), 1>1,.
Ifa=-1,thenl,=101-1,l, —a=1and Ll(;afl'ﬂ) (x) = L}S’f) (z). Thereby, we
have from (4.17) and (4.5) that 8m£l(_1”6)(x) = lLl(O_’l’B)(x) = lﬁl((i’f)(x). This is the
desired result (4.16) with & = —1. The proof is completed. O

4.2. Orthogonal approximation with arbitrary real parameter a. Let
QY7 (A) = span{L{*”(2), ln <1< N}
The orthogonal projection Py o3 : Liaﬁ (A) — QS\(,X’B) (A) is defined by
(P50 = 0, 6)usns =0, Vo € Q7 (A).

For estimation of approximation error, we introduce the Sturm-Liouville operator
as
Ao po(z) = —z %70, (x° e P29, ().
Evidently, by (4.6),

(4.18) Aap 45 (@) = NP £ (), 1> 1.

Moreover, an argument similar to Proposition 4.1, shows that for any v € LEJ@, 5 (A),
(4.19) aco‘“e_ﬁmv(m)@mﬁl(a’ﬁ) (x) = 0, as x — 0, 00.

Therefore, by (4.18) and integration by parts, we obtain

(4.20)

(’U,ﬁl(aﬁ))wa,g _ (/\l(a’ﬁ))_l(va-Aa,,é’ﬁl(aﬁ))wa,g _ (/\l(a’ﬁ))_l(-Aa,,BU,ﬁl(aﬁ))wa,ﬁ'

Therefore, if u,v are in the domain of the operator A, g, then (A pu,v)s, ; =
(t, Aa,pV)w, 5 Accordingly, A, g is a positive definite and self-conjugate operator.
Thus, we could define the following Sobolev-type spaces with integer r > 0,

D( wp) = {v | AZ,B” er? (A),0<Ek<r},

Wa,B

D(ALZ) = {v | ve D(AL ;) and 9,47, gv e 12 (M)},

Wa+1,3

equipped with the following semi-norms and norms,

Wlpear ) = 145 50l o L L
T
_ 2 1 _ 2 2 1
HUHD(AI;,g) - (1;) |U|D(A§ﬁ))2a HUHD(ALE”) = (||U||D(A;'ﬁ) + |U|D(A£‘f’ﬂ1/2))2'

Theorem 4.1. For any v € D(AE ,8) and integers 0 < p <r < N +1,

| PN a0 = U\D(Ag - c(BN) 7" ||

a,B D(A‘zﬁ)
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Proof. We first consider even integers p. In this case, we use (4.10), (4.18), (4.8)
and (4.11) successively to obtain

oo

a, «, — o, 2
= 2 ) e g,

(4.21) | PN 0,80 — v]? =
DAg ) I=N+1

For even integer r = 2q, we use (4.18) and (4.20) to obtain
(4.22) (’U7‘Cl(a7ﬁ))wa,[3 _ ()\l(aﬁ))fq(Agﬁu[’l(aﬁ))wa,ﬁ'
A combination of the above two equalities with (4.7) yields

a, — = o, — «, 2
Prapv =l oy QRIS ™)AL o )

2 Wa, B
ap) I=N+1 °

> () (05),2
N)H=" Z 51)7[,l ’ )UJQ,B'
Furthermore, thanks to (4.8), (4.10) and (4.11), we have

o0

2
1A% goll2, =S )AL v, £7)

I=I,

a,B.

Therefore,

|PN a5 = v < c(BN) A pollZ

NIE—T 2
ek ) S c(BN)*"v]

D(AZ )

Next, we consider odd integer r = 2¢ + 1. By (4.6), (4.19) and integration by
parts, we obtain from (4.22) that

(0. L1y = A7) TN 00 AL 0, 0L

wag_

Wa+1,8"

Accordingly, we use (4.10)-(4.12) and (4.18) successively to verify that

Pragv—of 4 = 3 O o),
D) I=N+1
< c(}\g\?fl))u—m—l Z ()\l(aﬁ))—l(nl(aﬂ)) (a Al U, , £ (a,8) )wa+1,ﬁ
I=N+1
- q _ =72
C(BN)M ||am"4a7ﬁfv||wa+l,ﬁ - C(ﬂN)H ‘U‘D('AZ,B)

We can deal with the case with odd integer p in the same manner as before. O

4.3. Laguerre orthogonal approximation with negative integer a = —m.
In the sequel, we assume integer m > 1. Clearly, El(_m’ﬁ) (x) = le(mmﬁ) (z),
[l > m, and

(4.23) okL™™P(0) =0, 0<k<m-—1

We shall show that for integers m > 1 and k£ > 0,

(4.24) okcy ™ (@) = D L Z i (@), I > max(m, k),
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where Dy’ l’ﬂ =1 and

k—1 . )

<k<
(4.25) prs - I1;- Ok(lm 7); if 1<k <m,
(=B I (= 4), if 1<m<k.

In fact, we could use (4.16) to obtain the result (4.24) with k < m <[ inductively.
For m < k <, we use (4.16) and (4.2) repeatedly to deduce that
akﬁ( mﬂ) “i_[ 8k mE(O/B)( )

ml

m—1

_ 6k mHl_ m+k3)( ).
A combination of (4.24) and (4.8) with & = —m leads to
(4.26) /A oELy™ (@)L (@) wm s (@)da = (D520l 8

In the above equality, there exists the factor 771( & mHR5)  We now estimate its upper

bound. Actually, by virtue of (4.9) with « = —m and (4.4),

(=m.B) _ . (mf) _ !

(427) m =Y_m m, for | > m.
Hence, using (4.4) again yields

(~mtk,8) _ _(m—kp) _ (= F)!
(428) nl_;n = ’}/le = m, for m 2 k + 1.
Similarly,

(~mtk,8) _ _(-mtkp) _ __(L—m)!
(429) M =Y—k = m, form < k + 1.

Now, Py (A) stands for the set of all algebraic polynomials of degree at most N,

and

Pu(A) = {¢ € Px(A) | 95p(0) =0, for 0 <k <m —1}.
Obviously,
QN "™ () = span{L ™ (@), Lo (@), LG (@)} = PROQ).
The following inverse inequality will be used in the next section.

Proposition 4.3. For any ¢ € Qg{m’ﬁ) (A) withm > 1,

(4.30) 1O%llur—rirs < (BN)Z (Bl -

Proof. We use (4.24) and (4.26) to obtain

N
2(—m, , —m+k,
(4.31) Nokel2 = > (BRI P

l=max(m,k)
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Let CU" = maxy<i<n M We use (4.25), (4.28) and (4.39) to verify
that for large [, K

DM~k i m o>k, D~ BETMIM i m < K,
while
P gk gkem el i > AR Lt Ll Iy
Thereby,
(4.32) (Dziﬁ)2m(:;n+k,ﬂ) < ¢fHm gh—m=1,

_ 1
In addition, 77[( mh) Wlm. Consequently, C’(m’ﬁ < ¢(BN)%. Finally, we

obtain from (4.31) that

N
2(=m,B —m,f3
105612, 0s SCNRT D0 (G20 < c(BNF@IIZ_,
l=max(m,k)
This ends the proof. O
We now state the main result of this subsection.

Theorem 4.2. If dyv € L (N), djv € LZ . (A), integers 1 < m <
min(r, N), and 0 < k <r < N + 1, then
(4.33) 105 (P =50 = V)l s < €(BN) T (050w

Proof. We use (4.10) and (4.24) to obtain

oo

O (P —mpv—v) =— Y Dol DL ),
I=N+1
This with (4.26) implies
m, k, —m,
1OF (PN —msv = 0)I2_ o= > (DF) 02 (o™ )2,
I=N+1

On the other hand, since Q(_m’m(A) = Pﬁ’o (A), we use (4.26) to obtain

s + ~(—m,B
[CA - —Z D2y ) (02,

Let Oy = max W Due to (4.32), we have Cy ;77 < c(BN)k-T.
< c(BN)* )0,

Accordingly, [|0F(Px,—m.gv —v)|% s |2 minge This ends the
proof. O

In numerical analysis, we need other orthogonal projections. For this purpose,
we introduce the following space with integer r > 0,

Hp, . .a(A) ={v[vis measurable on A and ||v| - , L <00t
: B

equipped with the semi-norm and the norm as

™

1

ol = 0050 s ol = (T I0RI2 L,
kf
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Moreover, for 1 <m <r,
OHc:;m,g,A(A) ={v|veH] 5 A(A) and 9Fv(0) =0, for 0 < k <r — 1},
ms(N) =oHG AN NHL L a(A).

For integers m > 1, the projection o Py _,, 5 : B} 5(A) — QSV_m’B)(A) is defined
by

(4.34) (O (0 = 0PR 10 50)s O D)y, =0, Vel ™ ().

There is a close relation between 0PN i g0 and Py _m, gv. To shows this, we
assume v € B} 5(A), and

opﬁl’fm’ﬁv(x) = Z al(*m,ﬁ)ﬁl(fmﬁ)(x)_
Thanks to (4.24), we have
100 )= PR

+ Z DZ ﬁ)ﬁ(oﬁ( )
I=N+1

Inserting the above equality into (4.24) with ¢ = ,Cl(,fm’ﬁ)(x), m <I' <N, we use
(4.24) and (4.26) to obtain

(D2 00 (o ™) — afTP)2 = g, Vm<I<N.

This means o Py’ _,, sv(x) = Pn,—m,gv(x) for v € B} 5(A).
The above matter with (4.33) leads to the following conclusion.

Theorem 4.3. Ifv € B 5(A), v € L? mirp(A), integers 1 < m < min(r, N),
0<k<r<N+1and k <m, then

(4.35) 105 (0PR 5% = )l ins < €BN) T 050y

Remark 4.1. The above result is available for high order problems. But, the releted
earlier results are only applicable to second or fourth order problems; see [3, [6, 10,
17, 28]. Tt also improves the existing results essentially. For example, the estimate
(4.35) with 4 = m = 1 and k¥ = 0 implies the optimal error estimate, namely,
loPx 1,50 = Vllw_y 5 < ¢(BN)= |00, ., ,- However, it was only shown before
that (cf. Theorem 2.3 of [28]) ||0P]{,,a)5v = Vl|wa, < c(ﬂN)%Hf}‘;vaathB for
|a| < 1. Indeed, how to derive the above optimal error estimate had been an open
problem for several decades.

Remark 4.2. Everitt, Littlejohn and Wellman [9] also considered the case with
integer @ < —1, without error estimate.
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4.4. Laguerre quasi-orthogonal approximation. We set
(4.36) vp,m () = Mv(0)=.

For any v € Hi' = 4(A), we set 0(z) = v(x) — vom (). Since 0(x) € B 5(A), we
define the Laguerre quasi-orthogonal projection as

(4.37) Pﬁ;ﬁ_mﬁv(ac) = OPKi_mﬁfJ(.T) + vpm(x) € Pn(A).

Obviously, 8§P]T\Z7m75v(0) = 0%v(0) for 0 < k < m — 1. Moreover, Py p0(T) —
v(z) = 0Py _,, 30(x) — 0(z), and dgvpm(z) = 0 for r > m. Thus, we use (4.35) to
derive the following result.

Theorem 4.4. If v € HJ  4(A), dpv € L  (A), integers 1 < m <
min(r, N),0 <k <r < N+1 andkgm, then

(4.38) 108 (PR 0 = V)l pars < C(BN) T 050l

= m+r,B°

5. GENERALIZED LAGUERRE-GAUSS-RADAU INTERPOLATION

In this section, we investigate the generalized Laguerre-Gauss-Radau interpola-
tion.
For a > —1 and § > 0, we denote by féajg)j (0 < j < N) the zeros of the polyno-

mial LS\? fl)( ), which are arranged in ascending order. Meanwhile, wé N) 0<j<

N) stand for the corresponding Christoffel numbers such that
(5.1) /gzﬁ ) da:—Zng @) ), (@0 gy e P (A)
. @ 5 Nj G,N,j 2N+1 .

We know from (2.10) of [22] that

(@.8) _ (N +a+ 2) 1

5.2 w .= . ,
O e T TN D) G p R P

0<j<N.

Let 50 ’B) = 0. According to (2.15)—(2.19) of [22], there exists a certain fixed

number 7 > 0 and the constants ¢; ~ %2 and ¢y ~ 8, such that

. 26%( gl]gd)Q :( \g;—(jﬂ—l-(’)(l)) for 0 <§g1]€)j < ﬁ=
«
* santars <oy W for large j,

€y <ABTHN +1),

(o, 8)
e ~ —r;Ne‘ﬂfG:w@(“ﬂ) ), for 0 < 5 < 2,

wé }\Bf)j ~ wa,a( é:az\é)j)( GN,J ggl}g,)j—l)5 for 0 <j < N.
Now, let m > 0, and

(53) §J(\f7 §G’N m,j? w](Vw?_;ﬂ) Wé ]’Vﬁ)m](gG J;/'B)m7j)_2m7 0 S] < N —m.
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QUASI-ORTHOGONAL APPROXIMATIONS AND INTERPOLATIONS 431

We set 51(\,77;1) = 0. Then the previous statements lead to the fact that

m.B)\ 4 , 7
5.4 2 o= _(jn+0(1), 0< s
Ga) 2N = e (r O, 0 <€ < ]
-2 -2
c1j (m.8) C2j :
5.5 S 2 for
(5:5) BEN —m+3) ~Ni < BaN—myg) [orlareed,
(5.6) S, <AFTHN —m 1),
(m.B) Ll o= BENS? ((mB)y—m+ 1 <m B) M
5.7 Whar ~N—— K 2, 0< L
( ) N,j ,B(N _m) (fN,g ) g B
(58) W\ ~w s EEN - €0, 0< i< N-m.

Next, we introduce the discrete inner product and norm as follows:

N—m

1
(o) nms = 3 ul€y s ES N, s = (4,1) 3 5
j=0

We can use (5.1) to show that
(59 (6o = (6 V)wms V6 EQN™I (W), v e QT (A).

For any integer r > 0, we denote by C"(A) the space consisting of all r-times
differential functions. Further, for integer r > m — 1,

Clhmp(A) ={veC™(A) OFv(0) =0, 0< k <m—1}.
For any v € 067;715 (A) and m > 1, the auxiliary interpolation Zn, _y, gv
€ Q e )( A) is determined uniquely by
In-mav(Eny”) = v(E5”), 0<j<N-m.
The following lemma describes the stability of interpolation Zn _, gv.

Lemma 5.1. For any v € Cé”w;lﬂ(A) NnH! (A) and integers 1 <m < N,

m[iA

1 _1
(510) 1 Zn, 50l s < o]l s +B72((INN)Z + N72)[0p0]l i)

Proof. Let N be the set of all j such that 0 < f m.B) < , while N stands for the
set of all j such that fNJ?B) 5. By virtue of (5.9), we have

N—m
(5.11) IZn,—mpvll? = > vV = Ay + By
7=0
where
Ay =Y EEMel?, By =Y oAl
jGNJ jENJ

We first estimate Apy. For simplicity of statements, let

AT = 6050, €N, A = e — e

6§,+ = (7473 +<e§v”7;€>1>%, a“””” (€5 — (eys?)z.
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We use (3.9) and (5.7) to obtain
m 2|

mﬁ)% sup |z™™w

3N
\/ N - %; NG

(2@ TG T o F (@)

/ N m Z N,j J+ L2(A§mﬂ))

7B 1 7ﬂ myB —m __
+ (€N Bl 65 ™2 00l gy + 127 22003, )

We now estimate the upper-bound of the right side of the above inequality. By

(5.4),
(€N RO e E ol
< (6N HLENT)E + €S2 e E 10l o)
< o€y HETE D) Pl E ol o
< ey/B(N —m) B ””LQ(A(m By
Similarly,

1 , ) -y
(gN 7ﬁ))2 B)é(mﬁ ||j1;‘ 2 I'UHL2 A(m [3))

3 _m
Sc(ﬁ%f?“)?(dv”;ﬁ’l) a3 +10,0]2

Cc
e — Pl 1 WOl LR

Lz(A(m 3))

Furthermore, we use (5.4) again to show that for 0 < f(m 0 <

1 1
5(m7ﬁ) ~ , (m>5 3 6(7”»5 1 <ec.
Jy— ﬁ(N—m) (N,] ) ( ) P
Consequently,
Ay <c Z la~ % 7 atme, + BN 2™ 0,03, ag»)
(512) jEN

< e(lloll2. s HBTINTH 0502

W—_m+41, 3)

Next, we estimate By. Since v € L? (A), we have that v?(z)z~™*le= /% — 0

as x — 0. Thus,

—m,B

v (z)a e B — /O O (V2 ()6~ ™1 BE) e
A direct calculation shows

Plae e m 1) [ "R e 5de 1 B / RO e P
0 0

=2 /m v(€)ev(€)E" ™ e P e,
0

Thanks to m > 1, we obtain

D S T |
(5.13) v (@)e e TP < 0,05

Q
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QUASI-ORTHOGONAL APPROXIMATIONS AND INTERPOLATIONS 433
Therefore, with the aid of (5.6), (5.8) and (5.13), we deduce that

By <¢ Y o€ woma(€ETs — )
jEN]

1
< e supp g [0 @-mi1 (@) 3 W)(x"?;’”—s%?ﬁ)o
(5.14) jexr’

4,6‘ (N m+1) 1
Y(@)w_mt1,6(2 ‘/ _dx

lnN 8,v||?
5 [0z 0]

<c supx>g

—m+1,8"

Finally, the desired result follows from a combination of (5.11), (5.12) and (5.14).
O

We are now in position to estimate the error of interpolation Zn, _p, gv.

Lemma 5.2. Ifv € oHJ'  4(A),0pv € L?
and 0 <k <r <N +1, then

195N, =)oy
< (8% + 1IN (BN)

—mr, 8 (A), integers 1 < m < min(r, N)

(5.15)

k4+1—1r
2

16z

,U||w7'm.+r,ﬁ'

Proof. Clearly, Zn,_m, gv is meaningful. Since Zy,—m g PN,—m,8V = PN,—m gV, We
use (4.30), (5.10) and (4.33) successively to deduce that

105 (PN, —m, 50 = IN,~m 50 o s < CBN)Z | Tn, - (PN, =g = V),
< e(BN)E (||Px,—m. gV — 0lleo_, s
+B75((InN)? + N*%>||a (PN 8V = )i )
< c(B7E +1)(InN)F(BN)

J1]|
Finally, we use (4.33) again to obtain
105 (ZN,~m.50 = V)l msns < 105 (PN—m5V = V)l s
1105 (PN, =m0 = IN,~m,50) - s
< (B3 + DN (BN) |00l
This ends the proof. O

We are now in position to consider the generalized Laguerre-Gauss-Radau inter-
polation for functions with nonhomogenous boundary values. Let vy, ., (x) be the
same as in (4.36). For any v € C:’nlg.l(A), we set 9(z) = v(z) — vpm(x), Then

C’g”mlﬁ(A). Thus, there exists the interpolation Zn, _, g0 € QE\?m’ﬁ) (A). Fur-
ther we define the new interpolation as

IR’N’,m,g’U(:E) = IN’,mﬁ’fJ(:E) + Ub,m(l')-
It can be checked that

ey = v(ews™), o

Zr,N,—m,pV(
5.16 ’
(5.16) 0).

Ir,N,~m,pv(0) = O5v

x
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434 GUO BEN-YU, SUN TAO, AND ZHANG CHAO

This interpolation is the same as the generalized Laguerre-Gauss-Radau interpola-
tion, since both of them are polynomials of degree IV, with the same interpolation
nodes, and satisfy the same condition (5.16).

Next, we estimate the error of interpolation Zg n,—m,gv. Clearly, Tr N, —m, gv(x)—
v(x) = IN,—m,p0(x) —0(zx). This fact, along with (5.15), leads to the following con-
clusion.

Theorem 5.1. Ifv € H' ~ ,(A),0;v € LZ,_MM (A), integers 1 < m < min(r, N)
and 0 <k <r <N +1, then

_1 1 Btlor o
(517) ”af(IRJV,*m,ﬁv_v)||w—m+1c,ﬁ < C(ﬁ 2 +1)(1n N)2 (BN) 2 ||8Iv||w—7n+7‘,ﬁ'

Remark 5.1. The result (5.17) improves the existing results essentially. For in-
stance, (5.17) with m = 1 implies

k+1—nr

_1 1 -
Hal;(IR,N,*l,ﬁv - W)Hw—u-kﬂ < C(B z + 1)(IDN)2 (6N) 2 ||6I,U||w—1+r‘[i‘

However, it was only shown before that (cf. (3.33) of [22]) fora > —-1,1 <k <r <
N+landr>a+1 (or o <1),

2k+1—7r

105 (Zr,N 0,50 = 0)llwas < c(BN) 2 (B MO0l 1 s
a1 1 1
+BTINT20p0lgpas + L+ BT N)2 (070l 1 )-
Finally, if v € ]-IL”_mﬁ’A(A)7 orv € Li,m“,g
r < N + 1, then for any ¢ € QS\?m’ﬁ)(A),

|(U7 ¢)w77n,[-} 1_ (Uv ¢)N,mﬁl
<c¢(B72 +1)(InN)2(BN)

(A), integers 1 < m < min(r, N) and

(5.18)

.
e | [/ | PR | |

APPENDIX

In this appendix, we prove the estimate (2.24). It suffices to verify that for
1<m,n <4 and max(m,n) <r<m-+n-1,

(A.1) 10 vm .
We need some preparations. First, for any function w,

(A.2) bo(w) := —w(—-1) +w(1) = /Aamw(a:)dx.

Next, by virtue of (A.2) and integration by parts, we get

|X(—m+r,—n+7‘) < C| ‘3;11‘ |X(—m+r,—n+7‘) .

by (w) :=w(—=1) —w(l) + d,w(—1) + dpw(1l) = / 0%w(x)dx
(A.3) ) A

= — —.’L'Q S’LULIT Z.
=5 [0 =)0k

Furthermore, with the aid of (A.3), (A.2) and integration by parts, we obtain

that
ba(w) = 3(w(=1) — w(1) + aw3w<—1) + 0w (1)) + djw(=1) — Pw(1)
= 3by(w) — bo(F?w) = 3 /A(l — 2?)3w(x)dr — /A Iw(x)dx
(A4) = %/(1 — 32H) 03w (x)dr = —% /A:l:(l — 2?)0%w(x)dx

A
= —% / (1 —2%)20%w(x)dx.
A
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QUASI-ORTHOGONAL APPROXIMATIONS AND INTERPOLATIONS 435

Finally, using (A.4), (A.3) and integration by parts, we deduce that

b3(w) := 15(w(—1) — w(1) + dpw(—1) + dyw(1))
+6(92w(=1) — 2w(1)) + d2w(—1) + O3w(1)

= 5by(w) + by (92w) = —g /A(1 — 222 w(x)dx

(A.5) +%/A(1—I2)82w(3:)d:13
= %/A( 1+ 62% — 5205w (x)dx
_ é/A 2(1 — 2200w (x)dx = 418 (1 = 22)30w () de.

We now consider (A.1) with m =n = 1. By (2.17), we have (also see [27])

v110(0) = 5 (0(-1)(1 — ) + (1)1 + ).

Obviously, 9,v11,5(x) = $bo(v). Thus, we use (A.2) and the Cauchy inequality to
obtain
1801,10l1 < 1bo(v)] < cllOvl].
This is the desired result (A.1) with m =n=1and r = 1.
Next, we consider the case with m =n = 2. By (2.17), we have
vaap(x) = i(v(—m(af’ — 32 42) +v(1)(—2® + 32 + 2)
+0pv(=1) (23 — 22 — 2 + 1) + Opv(1) (23 + 2% — 2 — 1)).

A calculation shows 93vs 25 (7) = %bl(v). Consequently, we use (A.3) to obtain

(A.6) 1030228l < elba(v)] < el|dFvllyon-
This is the result (A.1) with m = n = 2 and r = 3. Furthermore,
Dtvg 9 p(z) = gajbl (v) + %bo(amv).
Thereby, we use the first equality of (A.3) and (A.2) to obtain
10302281 < 3Jb1(v)] + [bo (D) < el D70
This is the result (A.1) with m =n =2 and r = 2.

Third, we deal with the case with m = n = 3. A calculation shows

1
16( v(—1)(=3z° 4+ 102 — 152 + 8) + v(1)(32° — 102® + 15z + 8)

+ Opv(—
+ 9v(1)(=32° — 2* + 1023 + 622 — Tz — 5)
+ Pv(=1)(—a® + 2 + 223 — 227 — 2 + 1)
+ o) (2° + 2t — 223 — 222 + 2 +1)).

v33p(T) =

1)(=32° + 2* + 102 — 62% — 7z + 5)

15
It can be checked that 92vs 3 (x) = —?bg(’U). Then, an argument as in the deriva-
tion of (A.6), along with (A.4), leads to ||92vs 35||, 22 < ¢]|@5v]|2.2). Moreover,
15

3
8;1’037311,(1') = —725112( ) —+ 5])1 (8I’U)
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Thereby, we use the fourth equality of (A.4) and (A.3) to obtain |[03v33]], a1 <
cl|@3v]|y 1. Furthermore,

15 3 3 3

vz 3p(x) = ——2bo(v) + by (0pv) + Sbo(v) + =by (v).

4 2 4 2
We can use the second equality of (A.4) and the first two equalities of (A.3) to
estimate the upper-bounds of |by(v)], |b1(0zv)| and |by(v)|, respectively. Finally,
|03 3v||. The previous three estimates imply (A.1) with m =n = 3
and r = 5,4, 3.

We now turn to the case with m = n = 4. We have

V4,4,5(2) 23%(11(—1)(5907 — 212° 4 352% — 35z + 16)
+v(1)(=527 + 212° — 352° + 35z + 16)
+ 0pv(—1) (52" — % — 212° 4 5a* 4 352° — 152° — 19z + 11)
+ 0,v(1) (527 4 2° 2 — 5zt + 352° + 1527 — 19z — 11)
+ 2v(—1)(22" — 2 — 82° + ba* + 102 — T2® — 4z + 3)
+32()( 227 — 2% 4 82° + 5at — 102® — Ta® + 4z + 3))

(83( (2" — 2% — 325 + 32% +32% — 322 — 2 + 1)
-l-a,i (1) (2" + 2% — 32° — 32* + 32° + 322 —z — 1)).

It can be checked that 97vy 45 () =135 bg( ). This with (A.5) leads to H8973U4747b||x(3,3)
< c||0%v|| 3.9 . Next, O8vyap(x) = 3 (Tbs(v) — ba(dyv)). Hence, we use the fifth
equality of (A.5) and (A.4) to Verify that ||08vs 45l 22 < ¢||05v]] 2.2 Further-
more,

o Pvgap(T) = (7x2b (v) — 22bo(0,v) — Tha(v) — by (9%V)).

Thus, we could use the thlrd equality of (A.5), the last two equalities of (A.4)
and (A.3) to estimate the upper-bounds of the terms |bs3(v)],|b2(05v)], |b2(v)| and
|b1(02v)], respectively. As a result, we obtain [|02v4 4/, < ¢||05v] . Fur-
thermore,

35 15 15 15 3 3
ngbg(’l))— Iﬁbg(&‘mv) - beg( v)— ?xbg (’U)-’-Zbg (8zv)+5b1 (0zv).

We can estimate |bo(0,v)[, |b2(v)| and |b1(9;v)|, by using the fourth equality of
(A.4), the fifth equality of (A.4) and (A.3), respectively. On the other hand, ac-
cording to (A.5), the fifth equality of (A.4) and the first equality of (A.3), we have

ba(0)] = Isba(o) + 0 (320)| = | =5 [ (1= a?)oto(e)de+ [ s0bo(a)dal

A
< |90l

Dyvaap(z) =

Finally, we conclude that ||02v4 4 || < ¢||@2v]|. The previous statements imply (A.1)
withm=n=4andr=7,6,5,4.
We now consider the cases with m # n. First, let m =1 and n = 2. We have

vigp(x) = i(v(—l)(—:zc2 — 2z +3) +ov(1)(2? + 2z + 1) + 20,v(=1)(1 — z%)).
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A calculation, along with (A.2) and the second equality of (A.3), shows that

0201 4() = —5 (b1 (v) — bo(D40)) = 5 /A (1 = 2)020(x)da.

Accordingly, ||02v1,25|] .00 < ¢|[030]]y1.0). This is (A.1) with m = 1,n = 2 and
r = 2. In the same manner, we verify that ||82vs,1 ||, 0.0 < ¢[|020]|0.1), which is
(A1) withm=2,n=1and r = 2.

Next, we consider the case with m = 1 and n = 3. We have

v1.3,5(T) :%(v(—l)(—x3 — 322 =3z +7) +o(1) (2 + 322 + 3z + 1))

1
+ Z(Bmv(—l)(—a:?’ — 322 + 2+ 3) + Pvu(-1)(—2 — 2+ +1)).
A calculation with the last two equalities of (A.3) and (A.2), yields

3 3
1z p(x) = _Z(bl(v) +01(9,0) — bo(93v)) = ] / (1 —2)*0v(x)dz.
A
This leads to [|03v1,3,6| |, 2.0 < ¢][020]| 2.0 . Similarly, [|03v3.1,]] 020 < ¢]|030]] 0.2
for m = 3 and n = 1. The above two inequalities imply the validity of (A.1) for
m=1n=3and m=3,n=1.
Third, we consider the case with m = 1 and n = 4. We have

1
vap(x)= E(v(—l)(—x4 — 423 — 6% — 4z + 15)+ou(1)(2* 4 42 + 622 + 4z + 1))

1

+ g(&cv(—l)(—ac4 —4a® — 622 + 4o+ T)+0%v(—1)(—a* — 423 — 22% + 4z + 3))
1

+ E8511(—1)(—334 —22% 422 +1).

A calculation, along with the fifth equality of (A.4), the last two equalities of (A.3)
and (A.2), gives

1 1
5§®1,4,b($):—§(b2(v) + 3b1(8,0) +01(95v) — 2bo(F3v)) = 1 / (1 - 2)*0gv(w)da.
A
Therefore, ||0tv1 4|l 6.0 < cl|0iv]| 6.0 Similarly, |[03va1,]] 08 < c||03v]] 09
for m =4 and n = 1.
Further, we deal with the case with m = 2 and n = 3. A direct calculation yields

1
E(u(—l)(sac‘1 +42® — 627 — 122 4 11)

+v(1)(=32* — 42® + 622 + 122 + 5))

v23p(T) =

1 1
+ Z(’%Ev(—l)(ac4 +ad =32 —x+2)+ gaggv(l)(a:4 + 223 — 22 — 1)
1
+ gaiv(—l)(x‘* — 227 +1).
Using the fifth equality of (A.4) and the last equality of (A.3), we verify that

Prvg.g(x) = g(bg(v) b1 (D) = % /A (1+2)(1 — 2)204(z)dz.
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Thus, ||97v2,3]| 20 < ¢]|@3v]|y 1. On the other hand, with the aid of the fourth
equality of (A.4) and the last two equalities of (A.3), we obtain

Ou50(x) = 3 ((ba(v) + b1 (D)) + b1 (0)

= gx/A(l —2)(1 4 32)93v(x)dx + %/A(l — 22)d3v(x)dx.

This leads to [[03v2,34]] .00 < ¢||03v]],.0). The above two results imply (A.1) with
m =2, n=3 and r = 4,3. Similarly, ||8;v3727b”x(—3+7‘,—2+r) < CH8;U|‘X(—3+T,—2+T)
form=3,n=2and r =4,3.

We now turn to the case with m =2 and n = 4. A direct calculation yields

1
= _6(

+v(1)(—22° — 52* + 102% + 10z + 3)

+ 0pv(—1)(32° + Ta* — 223 — 1822 — x + 11)
+ 0,v(1)(2° + 32* + 22° — 227 — 3z — 1))

v24p(T) =

—_

v(—=1)(22° 4 5z* — 102% — 10z + 13)
5

1

+ gé)ﬁ’u(—l)(x5 4221 — 223 — 42 + 2+ 2)
1

+ ﬂagv(—l)(x5 +at —22% — 227 o +1).

By using the last two equalities of (A.4) and (A.3), we derive that

020a00(a) = 3(2a(0) + ba(Br0) + 01(020) = § [ (1 2)(1 ) *0Ru(a)da,

which implies ||83v2,4.6]|, 1) < ¢l|@5v]] 6.0 Also, we have

D a () = g(ng(v) + ba(0) + b (020))z + %(bg(v) + 23 (8y0) + bo(020)).

Moreover, by virtue of the fourth and fifth equalities of (A.4) and the second equality
of (A.3), we observe that

() + ba(Duv) + by (820) = %/A(l —2)2(1 4 22)0M0(z)da.

On the other hand, with the aid of the fourth equality of (A.5), the fourth equality
of (A.4) and integration by parts, we deduce that

1
b3 (V) + 2b2(9,v) + bo(2v) = 3 / (1 —2)(4 + 52)0tv(x)dx.
A
Thus, ||03v2,4,5|ly 200 < ¢]|030|],2.0). The above two results imply (A.4) with m =
2,n = 4 and r = 5,4. Similarly, [[07v4 2|y —asr—24n < c||Op0]] 5 (—a4r—24m) for
m=4,n=2and r =5,4.
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Finally, we deal with the case with m = 3 and n = 4. A direct calculation yields

_ L
32
+v(1)(52° + 62° — 152" — 202° + 1522 + 302 + 11))

v3.4.5() (v(=1)(=52°% — 62° + 152" + 202° — 152 — 30z + 21)

+ %(8961}(—1)(—33:6 —32° + 102 4 102° — 1522 — Tz + 8)
+ 0,v(1)(—22° — 32° + 52* 4+ 102° — Tz — 3))
3%(631)(—1)(—3956 —22° + 112* 4 42% — 1327 — 22 +5)
+ 020(1) (28 + 22° — 2t — 423 — 2% 4 22 + 1))

_|_

1
+ @831)(—1)(—336 + 3zt — 322 +1).

This, along with the fifth equality of (A.5) and the last equality of (A.4), leads to

5 (bs(0) + bal000)) = 12 /A(l +2)2(1 — 2)30%(x)da

o = =
2 V3,4.5() 16

Therefore, ||08v3 4,2 < ¢]|0%|],(s.2). Next, we use the fourth equality of (A.5)
and the last two equalities of (A.4) to obtain

82113,4,1;(53) = —1—25(b3(v) + b2 (0pv))x — 12—5172(1;)
= %x/j\(l —2)%(1 +2)(1 + 52)9v(z)dx + % /A(l — 22)20%u(x)dx.

Thereby, ||05v3,40||, 200 < ¢]|050]] 2.1). Furthermore,

15 15
8;11)3747;,(:1:) = — 2 (b3(v) + bz(0y0))2?* — 7b2(v)x +

4 §(bs(v) + b2(9:v) + 2b1(0,0)).

4
We can use the fifth equality of (A.4) to estimate |b2(v)| directly. Moreover, by
virtue of the fourth equality of (A.5), the fourth equality of (A.4) and integration
by parts, we observe that

b3(v) + ba(0zv) = é /(—1 + 622 — 52150 (x)dx + % /(1 — 323 0%v(2)dx
A A
1

= — — X — 2l — CC2 4’01’ Z.
=5 [0 =)0 =20 ~50)0k@)d

The same procedure, coupled with the last equality of (A.3), gives

ba(0) + b (Duv) + 21 (9y0) — % /A (1 2)(3 — 5a?)dv(x)da.

Consequently, [97vs.4.6/l, .0 < cl|0gv]la.0. The previous statements imply (A.1)
with m=3,n=4 and r=6, 5, 4. Similarly, \|8;v4731b||x(74+r,73+r) < CH8;U||X(74+T,73+T)
form=4,n=3 and r =6,5,4.
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